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SETS, FUNCTIONS AND GROUPS

SET
A well defined collection of distinct objects is named as a set.
The objects in a set are called its members or elements.
There are three different ways of describing a set.

(1) The descriptive method.

(11) The tabular method.

(111) Set builder method.
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EXERCISE 2.1

Q.1  Write the following sets in set builder notation.
(i) {1,2,3,..... 1000} (i) {0,1,2,...... 100}
(iii) {0, +1,+2, ...... + 1000} (iv) {0,-1,-2,...... — 500}
v) {100, 101, 102, ...... 400}
(vi)  {-100,-101,-102, ...... —-500}
(vii)  {Peshawar, Lahore, Karachi, Quetta}
(viii) {January, June, July}
(ix)  The set of all odd natural numbers
(x) The set of all rational number
(xi)  The set of all real number between 1 and 2
(xii) The set of all integers between — 100 and 1000
Solution:
(i) 11,2,3,...... , 1000}
Set builder notation of given setis {x|xe N A x < 1000}
(i)  {0,1,2,...... 100}
Set builder notation of the given setis {x|xe W A x< 100}
(i) 10, 1,42, ... + 1000}

Set builder notation of the given setis {x|xe€ zA —1000=<x < 1000}
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(iv) 10,-1,-2,...... —- 500}

Set builder notation of the given setis {x|xe zA ~500<x <0}
(v) {100, 101, 102, ...... 400}

Set builder notation of the given setis {x|xe N A 100 <x <400}
(vi) {—100,-101,-102, ...... - 500}

Set builder notation of the given setis {x|xe zA—500<x<-100}
(vii) {Peshawar, Lahore, Karachi, Quetta}

Set builder notation of the given set is {x | x is the capital of province of Pakistan}
(viii)  {January, June, July}

Set builder notation of the given set is {x | x is the name of month starts with “J”"}
(ix) The set of all odd natural numbers

Set builder notation of the given set is {x | x is an odd natural number}
(x) The set of all rational number

Set builder notation of the given setis {x|x e Q}
(x1) The set of all real number between 1 and 2

Set builder notation of the given setis {x|xe Ra 1l <x<2}
(xii)  The set of all integers between — 100 and 1000

Set builder notation of the given setis {x |xe zA—100<x <1000}
Q.2 Write each of the following sets in descriptive and tabular form:
(i) {x|xe NAxZ10} (ii) x|xe NAd4<x<12}
(iii) {x|xe ZAS5<x<5} (iv) {x|xe EA2<xZ4}
v) {x|xe ZA-5<x<5} (vi) {x|xe OA3<x<12}
(vii) {x|xe EA4<x<Z10} (viii) {x|xe EA4<x<6}
(ix) {x|xe OAS5Lx<T} (x) Ix|xe OAS<x<T}
(xi) {x|xe NAx+4 =0} (xii) {x|xe QAx: = 2}
(xiii) {x|xe RAXx = x} (xiv) {x|xe QAax = —x}
(xv) {x|xe Rax # 2} (xvi) {x|xe Raxg Q}
Solution:
(1) x|xe NAx<10}

Descriptive form is: The set of the first ten natural numbers.

The tabular form is: {1,2,3,...... 10}
(11) x|xe Nad<x<12}

Descriptive form is: The set of the natural numbers between 4 and 12.
Tabular form is: {5,6,7, ....... 11}
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(iii) X|xe ZA-5<x<5}
Descriptive form is: The set of integers between — 5 and 5.
Tabular formis: {-4,-3,-2,...... 41

(1v) x|xe EA2<x<4}
Descriptive form 1s: The set of even integers between 2 and 5.
Tabular form 1s: {4}

(v) IX|xe Pax<12}
Descriptive form is: The set of prime numbers less than 5.
Tabular formis: {2,3,5,7, 11}

(vi) xX|xe On3<x<12}
Descriptive form is: The set of odd integers between 3 and 12.
Tabular formis: {5,7,9, 11}

(vil) {x|xe EA4<x<10}
Descriptive form is: The set of even integers from 4 upto 10.
Tabular form is: {4, 6, 8, 10}

(vili) {x|xe EA4<x<6}
Descriptive form is: The set of even integers between 4 and 6.
Tabular formis: { }

(ix) xX|xe OAS<x<T}
Descriptive form is: The set of odd integers from 5 upto 7.
Tabular form is: {5, 7}

(x) IX|xe OAS5<x<T7}
Descriptive form is: The set of odd integers between 5 and 7.
Tabular form is: { }

(x1) (xX|xe Nax+4 = 0}
Descriptive form is: The set of the natural numbers x satisfying x +4 = 0.
Tabular formis: { }

(xii) {x|xe Qax’ =2}

Descriptive form is: The set of rational numbers x satisfying x* = 2.
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Tabular formis: { }

[x|xe Rax = x}

Descriptive form is: The set of real numbers x satisfying x = x.
Tabular form is: The set of real numbers.

{x|xe Qax = —x}

Descriptive form is: The set of rational numbers x satisfying x = —x.
Tabular form is: {0}

Ix|xe Rax # 2}

Descriptive form is: The set of real numbers x satisfying x # 2.
Tabular formis: R — {2}

Ix|xe Raxg Q}

Descriptive form is: The set of real numbers x which are not rational.

Tabular form is: Q’

FINITE AND INFINITE SETS

If the number of elements in a set are finite then it is called finite set and if the number of

elements in a set are infinite then it is called an infinite set.

Q.3
()
(ii)
(iii)
(iv)
(v)
(vi)
(vii)
(viii)
(ix)
(x)
(xi)
(xii)
(xiii)
(xiv)

(xv)

Which of the following sets are finite and which of these are infinite.
The set of students of your class

The set of all schools in Pakistan

The set of natural numbers between 3 and 10

The set of rational numbers between 3 and 10

The set of real numbers between 0

The set of rationales between 0 and 1

The set of whole numbers between 0 and 1

The set of all leaves of trees in Pakistan

P (N)

P {a, b, c}

{1,2,3, ....... }
{1,2,3,....... , 100000000}

{x|xe RAX # x}
{x|xe RAX® = -16}
{x|xe QA X = 5}

www.u\;stad360.com :



Punjab | 11th Maths | Ch # 2 6

(xvi) {x|xe QA0=<x=<1}
Solution:
(1) Finite set.

(ii) Finite set.
(ii1)  Finite set.
(iv) Infinite set.
(v) Infinite set.
(vi) Infinite set.
(vil)  Finite set.
(viii)  Infinite set.
(1x) Infinite set.
(x) Finite set.
(x1) Infinite set.
(xii)  Finite set.
(xii1)  Finite set.
(xiv)  Finite set.
(xv)  Finite set.
(xvi) Infinite set.
SUBSET

If every element of a set A is an element of set B, then A is said to be a subset of B
i.e. AcB.

PROPER SUBSET

If A is asubsetof B and B contains at least one element which is not an element of
A, then A is said to be a proper subset of B.

IMPROPER SUBSET

If A issubsetof B and A = B, then we say that A is an improper subset of B.
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Q.4  Write two proper subsets of each of the following sets

(i) {a, b, c} (Gujranwala Board 2007)
(ii) {0, 1} (Lahore Board 2006)
(iii) N (iv) z
™ Q vi) R
(vil) W (viii) {x|xe QA0<x<2}

Solution:

(i) Two proper subsets are {a}, {b}

(ii) Two proper subsets are {0}, {1}

(111)  Two proper subsets are {10}, {4}

(1v) Two proper subsets are {1}, {3}

(v) Two proper subsets are {1}, {2}

(vi) Two proper subsets are {0}, {1}

(vit)  Two proper subsets are {1}, {5}

(viii)  Two proper subsets are {1}, {1, 2}

Q.5  Is there any set which has no proper subset? If so name that set?

(Lahore Board 2009)

Solution:
Yes, there is a set which has no proper subset and itis ¢ or { } i.e. empty set.
Q.6  Whatis the difference between {a, b} and {{a, b}}.

Solution:
{fa, b} contains two elements but {{a, b}} contains only one element {a, b}.

Q.7  Which of the following sentences are true and which of them are false.

O {2} ={2,1; (i) o< {{a}}
(iii)  {a} > {{a}} (iv) {aje {{a}}
(v) ae {{a}} (vi)  ¢e {{a}}

Solution:

(i) {1,2} = {2,1} True

(i) ¢ ifa}) True

(111) fa} < {{a}} False

(iv)  {a}e {{a}} True

(v) ae {{a}} False

(vi) de {{a}} False
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POWER SET
. The power set of a set S denoted by P (S) is the set containing all the possible subsets
of S.
If number of elements in S = m then number of elements in P (s) = 2™.
or
if n(S) = m
then nP (S) = 2™,
Q.8 What is the number of elements of the power set of each of the following
sets?
M {} i {0, 1}
(i) {1,2,3,4,5,6,7} (iv) {0,1,2,3,4,5,6,7}
™ b, ey ™) {{a, b}, {b, ¢}, {d, e}}
Solution:
O
Let S={} = n(s) =0
= np(s) = 2 =1
() (0,1}
Let s = {0,1} = n(s) =2
= np(s) = 2° =4
(iii) 11,2,3,4,5,6,7}
Let s = {1,2,3,4,5,6,7} = n(s) =7
= np(s) =2 =128
(iv) 10,1,2,3,4,5,6,7}
Let s =1{0,1,2,3,4,5,6,7} = n(s) =8
= np(s) = 2° = 256
(v)  {a {b,cj}
Let s = {a, {b,c}} = n(s) =2
= np(s) =2° =4
(vi)  {{a, b}, {b,c}, {d,e}}

Let s = {{a,b}, {b,c}, {d,e}} = n(s) =3
= np(s) = 2° =8
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Q.9  Write down the power set of each of the following sets:
(i) {9,11} (i) +,— X, +}
(i) {9} (iv) {a, {b,c}}
Solution:
(1) 19, 11}
Let S = {9,11}
P(S) = {, {9}, {11}, {9, 11}}
(i1) 1+, = X, +}
Let S = {+, — X, +}
P(S) = ¢, I+, =) xXh =1L iH - B X B 5 = X
i PR O P T P AT PR R SRS T
X =) = X+
(i) {9}
Let S = {¢}
= P(S) = {0 {0}]
(1v) {a, {b, c};}
Let S= {a, {b,c}}
= P(S) = {9, {a}, {{b, c}}, {a, {b, c}}
EQUAL SETS
Two sets A and B are equal iff they have the same elements.
EQUIVALENT SETS

Two sets A and B are equivalent if a (1 — 1) correspondence can be established

between A and B.

Q.10  Which pair of sets are equivalent? Which of them are also equal?

(Y]
(i)
(iii)
(iv)
v)
(vi)
(vii)

{a, b, ¢}, {1, 2, 3}
The set of the first 10 whole numbers, {0,1,2, 3, ...9}

Set of angles of a quadrilateral ABCD, set of the sides of the same
quadrilateral

Set of the sides of a hexagon ABCDEF, Set of the angles of the same hexagon
{1,2,3,4,...... 5 {2,4,6,8, ...... }

[ 111
{15 29314:"""}5 1’1 9333 4 "'"}
{5, 10, 15, 20, ...... 55555}, {5, 10, 15, 20, ......}
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Solution:

(i) {a, b, c}, {1,2,3}
Given sets are equivalent.

(11) The set of the first 10 whole members, {0, 1,2, 3, ...... 9}
The given sets are equivalent and also equal.

(111) Set of angles of a quadrilateral ABCD set of the sides of the same quadrilateral
The given sets are equivalent.

(iv) Set of the sides of a hexagon ABCDEF, Set of the angles of the same hexagon
The given sets are equivalent.

v)  {1,2,3,4,.....}, {2,4,6,8, ...}

The given sets are equivalent.

. 111
(vi)  {1,2,3,4, ... },11,2,3,4,..“}
The given sets are equivalent.
(vii) {5, 10, 15, 20, ...... 55555}, {5,10,15,20, ...... i

The given sets are not equivalent.
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VENN DIAGRAMS

11

Venn diagrams are used to describe a rclation among the sets. In these diagrams, a
rectangular region represents the universal set and circular closed curves represent the subsets.

EXERCISE 2.2

Q.1  Exhibit AUB and AnB by Venn diagrams in the following cases.

(i) AcB (ii)) B A (iii)) AUA’
(iv) A and B are disjoint sets.

v) A and B are overlapping sets.
Solution:

(i) AcB

AMB
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(i1) BcA
U U
(B
AUB ANB
(i)  AUA’
(iv) A and B are disjoints
U U
At ol 2
®® | 1O
L
AUB AMB
(v) A and B are overlapping sets.
U U
AUB AMB
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Q.2 Show A-B and B- A by Venn Diagram when

(i) A and B are overlapping sets

(ii) AcB (iii) BC A
Solution:
(i) A and B are overlapping sets

U U
@9 (202
A-B B-A
(i) AcB
(111) Bc A
A-B B-A

Q.3  Under what conditions on A and B are the following statements true?
(i) AUB = A (ii) AUB = B (iii) A-¢ = ¢
(ivy AnB =B (v) n(AUB) = n(A)+n(B)
(vij n(AuUB) = n(A) (vii) A-B=A
(viii) n(AnB) = 0 (ix) AUB = U
(x) AUB = BUA (xi) n(AnB) = n (B)
xii) U-A =4¢
Solution:
(i) AUB = A

if BC A
(11) AUB = B

if AcB
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(i) A-B=A
if AnB = ¢
(ivy A~B =B
if BC A
(v) n(AuB) = n(A)+n(B)
if ANB = ¢
(vi) n(AnB) = n(A)
if AcB
(vil) A-B = A
if ANB=¢ or B =¢
(vii) n(ANB) = 0
if ANB = ¢
(ix) AUB=U
if A =B
(%) AUB = BUA
it holds always.
(x1) n(AnB) = n(B)
if Bc A
(xii) U-A = ¢
if A=U
Q4 Let U={1,2,3,4,5,6,7,8,9,10},
A=1{2,4,6,8,10}, B={1,2,3,4,5) and C={1,3,5,7,9}
List the members of the following sets
@) A° (i) B- (i) AUB (iv) A-B
¥) ANC  (vi) A“uC® (i) A“UC  (viii) U"
Solution:
i A
A = U-A
= {1,2,3,4,5,6,7,8,9, 101 — 12,4, 6,8, 10}
= (1,3,5,7,9}
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(iii)

(iv)

(vi)

(vii)

(viii)
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C
B
C
B = U-B
= {1,2,3,4,5,6,7,8,9,10} — {1,2,3,4, 5}
= {61 ?'l 83 9? 10}
AUB
AUB = {2,4,6,8, 10} U {l1,2,3,4,5)
- {13 2? 3? 49 5? 69 8! 10}
A-B
A-B = 1{2,4,6,8 10} —{1,2,3,4,5)
= {6,8, 10}
ANC
ANC = {2,4,6,8,10} n {1,3,5,7,9}
= 14
C C
A uC
ACuct = WU-AUU-C) (1)

U-A = {1,2,3,4,5,6,7,8,9,10} — {2,4,6,8, 10} = {1,3,5,7,9}
U-C = {1,2,3,4,56,7,8,9,10} — {1,3,5,7,9} = {2,4,6,8, 10}

Put in equation (1)

A“uc = {1,3,5,7,9) U {2, 4,6,8, 10}
= {1,2,3,4,5,6,7,8,9, 10}
C
A wC
A‘ucC =@U-AuUC (1)

U-A={1,2,3,4,5,6,7,8,9,10} —{2,4,6,8,10} = {1,3,5,7,9}
Put in equation (1)

AUC = {1,3,5,7,9) U {1,3,5,7,9} = {1,3,5,7, 9}

C

U

C

U =U-U
= {1,2,3,4,5,6,7,8,9,10 —{1,2,3,4,5,6,7,8,9, 10}
=13
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Q.5 Using the Venn diagrams, if necessary, find the single set equal to the

following.
@) AC (i) AU (i) AUU  (iv) AU
v) ond
Solution:
i A
A°=U-A
(i) ANU
(i) AUU
(v)  Aud
(v) gl

Q.6 Use Venn diagram to verify the following:

i) A—B = AnB" (i) (A-B) B = B

Solution:
C
(i) A-B = AnB
U -U
am | =B
A-—B ANB"

As the shaded portion in above two figures is same.

= LHS. =RHS. = A-B=AnB"

# 5C
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(i)

(i1)
(iii)
(iv)
(v)
(v1)
(vii)

(viii)

U 4 4 Uy

Uy oy

(A-B) nB = B

» A-B

—» (A-B)C
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T

"
\

®

\

f///////_p(A—B)cn B

(A-B)NB

B

As the shaded portion in above two figures is same = (A - B}C ~nB =B
PROPERTIES OF UNION AND INTERSECTION

AuB=BuUA
AnB=BnA

AuBulC)=(AuB)uC
An(BNnC)=(AnB)nC

AUuBNC) =(AuBN(AUC)
AnBul) =(AnB)Uu(AnC)

ANB

(A U B)

(AnB) = A UB

Commutative property of union
Commutative property of intersection
Associative property of union
Associative property of intersection
Distributivity of union over intersection

Distributivity of intersection over union

De Morgan’s Laws

PROOFS OF DE MORGAN’S LAWS AND DISTRIBUTIVE LAWS

(AUB) = A'nB
Let xe (AU B)
x¢g AUB

x¢ A and x¢ B
xe A and xe B
xe A NB
(AUB) cA' N B
Now suppose that
xe A NB

xe A and xe B
x#¢ A and xg B

x¢g AUB
xe (Au BY)

A'NnB c(AUB)

From (1) and (2), we conclude that (A v ]5‘»)F =AnB
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(AnB) = A'UB
Let xe (Am BY
xe¢ ANnB

xe¢ A and x¢ B

xe A and xe B

xe A UB

(ANB) cA'nB ... (1)
Now suppose that

xe A UB'

xe A or xe B

x¢ A or xg B
x¢g AnB

xe (AN B)
AUB c(AnB) ... 2)

From (1) and (2), it is verified that (A " B) = A’ UB'

AUuBNC)=(AuB)Nn(Au()

Let xe Au(Bn O)

xeA or xe BnC

if xe A

then xe AUB and xe AuC

and if xe BN C

xe B and xe C

xe AUB and xe AuC

xe (AUB) N (AU Q)
AUBNOc(AuB)INn(AUC) ... (1)
Now suppose that

xe (AUB)Nn(Auw ()

xe AUB and xe AuC

Now there are two cases either xe A or x¢g¢ A
if xe A then xe Au(Bn ()

if x¢ A then xe B and xe C

18
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U

Case |

Case I1
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xe BN C

xe Au(BnMnO)

In both cases xe Au(BnC) ... (2)
From (1) and (2)
AUBNC)=AuB)N(AUC)
Hence proved.
AnBulC)=(AnB)Uu(An ()
Let xe An(Bu(C)

xe A and xe BuC

if xe A and xe B

xe AnB = xe (AnB)u (AnC)
Ifxe A and xe C

xe AnC = xe (AnB)uU (AnC(C)

ANBUCOCANBUMWBNC ..

Now suppose that

xe (AnB)U(An ()

xe AnB or xe AnC
There are two cases.

if xe AnB

= xe A and xe B
= x€e A and xe BuC
= xe An(Bu()

if xe AnC

= xe A and xe C
= x€ A and xe BuC
= xe An(Bu()

In both cases

xe An(Bu ()

(ANB)U(AnC)c AnBUC ...

From (1) and (2) we have
AnBulC) =(AnB)U(AnC)

Hence proved.

19
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EXERCISE 2.3

Q.1  Verify the commutative properties of union and intersection for the following
pair of sets.
(i) A={1,23,4,5, B=1{4,6,810}
(i) N, Z
(iii) A= {x|xe RAax20} B=R
Solution:
(i) A={1,2,3,45' B = {4,6,8,10
AuB = ,2,3,4,5} v {4,6,8, 10}
= {1,2,3,4,5,6,8, 10}
BUA = {4,6,8,10} v {1,2,3,4,5}
= {1,2,3,4,5,6,8, 10}
AUB = BUA
AnB = {1,2,3,4,5} " {4,6,8, 10}
= 4
BNA = {46,810} {1,2,3,4,5!
=
AnNB = BNA
Commutative properties of union and intersection are verified.
(i) N,Z
NuZ =272
and ZUN=7Z
= NUZ = ZUN
Now
NnZ=N and ZnN =N
= NNZ =7ZnNnN
Commutative properties of union and intersection are verified.
(i) A= {x|xe RaAx=0} B =R

Commutative property of union
AUB = {x|xe Rax=z0}uUR
= R
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(BUA) = Ruix|xe RAax=0}
= R

ANnB = x|xe Rax=20}nR
= {x|xe Rax=0}
BnA =Rni{x|xe Rax=0}

{x|xe Rax=0}

= Commutative properties of union and intersection are verified.

Q.2  Verify the properties for the sets A, B, C given below:

(i) Associativity of Union AU(BUC) = (AUB)UC

(a) A=1{,223,4 B={3,4,5,6,7,8} C=1{5,6,7,9,10}

(b) A=¢ , B={0} , C=1{0,1,2}

© NZQ

(ii) Associativity of intersection AN(BNC) =(ANBNC

(a) A=1{,234 , B=1{3,45678 , C=1{506"17910}

(b) A=¢ , B={0} , C=1{0,1,2}

© NZQ

(iii)  Distributivity of union over intersection (Lahore Board 2005)
AN(BUC) = (ANB) U (ANC)

(a) A=1{,234 , B=1{3,45678 , C={50679,10}

(b) A=¢ , B={{0} , C=1{0,1,2}

© NZQ

(iv)  Distributivity of intersection over union
AUC (BNC) = (AUB) N (AUC)

(a) A=1{,234, B=1{3456,7,8, C={5¢6,7910}

(b) A=¢ B={} C=1{0,12}, (c)NZQ

Solution:

(i) Associativity of union

(a) A=1{,234 B={3,4,5,6,7,8; C={5,6,7,9,10}

Le. (AuByuC =AuBuU()



L.H.S.

(b)

L.H.S.

R.H.S.

(c)

(i)
(@)

L.H.S.

R.H.S.
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(AuB)uC = ({1,2,3,4} v {3,4,5,6,7,8})w {5,6,7,9,10}
{1,2,3,4,5,6,7,8} v {5,6,7,9, 10}
= {1,2,3,4,5,6,7,8,9, 10}
Au(BuUC(Q)
= {1,2,3,4} U ({3,4,5,6,7,8} U {56,7,9,10})
= {1,2,3,4} v {3,4,5,6,7,8,9, 10}
= 11,2,3,4,5,6,7,8,9,10}
(AUB)yuC = (AuB)uC
A=¢ , B={0} , C=1{0,1,2}
Toshow (AuB)uC =Au(Bu()

R.H.S

(AuB)UC (b {0})w {0, 1,2}
= {0} uw{0,1,2}

= {0, 1,2}

AUuBUC) = U0} uUio,1,2})

= o {0,1,2}

= {0,1,2}
AuB)uC=AuBuUl)
N,ZQ

Toshow (NUZ)uQ = NU(ZuQ)

NUZ)uQ=ZuUQ =Q

NuU(ZuQ)=NuQ=Q

Associativity of intersection

A=1{1,2,34 , B=1{3,456,78 , C=1{56,79,10}
Associativity of intersection is

(AnB)nC =An(BN Q)

(ANB)NC = ({1,2,3,4} " {3,4,5,6,7,8}) " {5,6,7,9, 10}
= {3,4}n {5,6,7,9,10}
= 1}

ANBNC) = {1,2,3,4}n {5,6,7} = {

ANnBNC) = {1.2,3,4} " ({3,4,5,6,7,8} n {5,6,7,9,10})
= {1,2,3,4} n {5,6,7}
= {}

(ANnB)NnC = An(BnNCO)

www.u\;stad360.com :



(b)

L.H.S.

R.HL.S.

(c)

L.H.S.

R.H.S.

(iii)
(a)

l.e.
L.H.S.

R.H.S.
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A=¢ , B={0} , C={0,12}
Toshow (ANB)nC =An(BN Q)

(AnB)NnC= (¢ {0})n{0,1,2}
= { 1n{0,1,2}
= {}

ANnBNC) = { ({0} {0,1,2})
= { 1n{0}
= {1}

(AnB)NnC =An(BNCQC)

N,Z,Q

Toshow NN Z)nQ = NN (Z Q)

(NAZ)nQ=NnQ =N

NNn(ZnQ)=NnZ=N

(NNZ)nQ =Nn(Zn Q)

Distributivity of Union over intersection

A=1{1,234 , B=1{345678 , C=1{6,7,9,10}
Distributivity of Union over intersection
AuBNnC)=(AuB)n(Au()

AU (BN C)

{1,2,3,4U({3,4,5,6,7.8} 1 {5,6,7,9,10})
{1,2,3,4} U {5,6,7}
{1,2,3,4,5,6,7}

(AUB)N(AUC)= ({1,2,3,4} U {3,.4,5,6,7.8}) " ({1,2,3,4} U {5,6,7,9, 10})
= {1,2,3,4,5,6,7,8 " {1,2,3,4,5,6,7,9, 10})
= 11,2,3,4,5,6,7}

AUuBNC) = (AUB)N(AUCQ)



(b)

L.H.S.

R.H.S.

(c)

L.H.S.

R.H.S.

(iv)
(a)

1.€.

L.H.S.

R.H.S.
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A=¢ , B={0} , C={0,12}
Toshow AUBNC) = (AuB)Nn(AuC)

AU(BNCO) { + w({0}m{0,1,2})

{10y = {0}

(AUB)N(AUC) = ({ Ju{ohn({ }ui0,1,2})
= 1050, 1,2} = 105
AUuBNC)=(AuB)Nn(AuUQ)

N,Z,Q
Toshow NU(ZN Q) = NUZ)n (NuU Q)

NU@ZNQ) =NuUZ=2Z

(NUZYN(NuQ)=2ZnQ =Z

NU(ZNQ)=NuZ)n(NuQ)

Distributivity of intersection over union.

A=1{,234 , B=1{3456,78 , C=1{56,79,10}
Distributivity of intersection over union

ANn(BulC) =(AnB)Uu(AnC)

To show

ANBUC) = {1,2,3.411({3,4,5,6,7,8' U {5,6,7,9, 10})
11,2,3,4,n {3,4,5,6,7,8,9, 10}

13,45

(ANB)UANC) = ({1,2,3,4} N {3,4,5,6,7,8}) U ({1,2,3,4} N {5,6,7,9,10})
= B4vl;
= 3.4

ANn(BulC) =(AnB)u(AnC)
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b)) A=¢ , B={0} , C={0,12}
Toshow AN(BuUC) = (AnB)U(AnC)
L.H.S.

An (BuUCQ)

LN (0} w0, 1,2})
L0, 1,25 = 1)

R.H.S.
(A B)U (AN C)

{1 {0ho 1o 1,2}
= {ivi}
= {J
= ANnBul)=(AnB)U(AN Q)
© N.ZQ
Toshow NN (ZuQ) = (NN Z)u (NN Q)
L.H.S.
NA(ZuUQ)=NnZ-=N
R.H.S.
(NAZ)UNNNQ) = NUN =N
= NN(ZuQ) = (NnZ)J(NnQ)
Q.3  Verify De-Morgan’s Laws for the following sets
U={1,23,..... 20}, A = {2,4,6,...... 20},
Solution:
De Morgan’s Laws are
(AUB) = A'nB
(AnB) = A UB
AUB = {2,4,6,.....20} U {1,3,5, ..., 19}
= {1,2,3,.......20}

(AUB) = U-(AUB)

= U-{1,2,3,......20}
= (1,2,3,......,20} —{1,2.3,......20}
- {1 e (D)

25

B = {1,3,5,...... 19}.



Now, A = U-A
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= {1,2,3, .. 201 — {2,4,6, ....... , 20}
= {1,3,5, ....... , 19}

B = U-B
= {1,2,3,....... 200 —{1,3,5, ....... .19}

= {2,4,06,....... , 20}

19V M {2, 4,6, ... , 20}

={} (2)
From equations (1) and (2) it is clear that
(AUB) = ANnB
Now ANB = {2,4,6,...... 208~ {1,3,5, ... , 19}
=13
(AnB) = U-(AnB)
= {1,2,3,....... , 200 —{ )
= {1,2,3,....... 208 (3)
A= U-A
= {1,2,3, ..., 200 — {2, 4,6, ... , 20}
= {1,3,5,....... , 19}
B = U-B

|
—
—
PJ
fd
w

= {2,4,6,....... , 20}

From equations (3) and (4) it is clear that (A UB) = A" UB.
Q.4 Let U = the set of all the English alphabet.

A = {x|x is a vowel},

B = {y |y is a consonant}

Verify De-Morgan’s Laws for these sets.

Solution:
De-Morgan’s Law are

(AUB) = A~ B and
(AnB) = A UB

26
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AuUB = {x|x 1isavowel} U {y|y isa consonant}
= The set of the English alphabet.
(AUB) = U-AUB
= The set of English alphabet — The set of English alphabet
=4{y (1)
A= U-A

The set of English alphabet — {x | x is a vowel}

{y |y is a consonant}
B = U-B
The set of English alphabet — {y | y is a consonant}

{x|x 1savowel}

r '

A nB = {y|y isaconsonant} N {X|x isa vowel}
=4y (2)
From equations (1) and (2) (AUB) = A' N B
Now AnB = {x|x isavowel} n {y|y isaconsonant}
=1

(ANB) = U-ANB
= The set of English alphabet — { }
= The set of English alphabet ... (D)
A =U-A
= The set of English alphabet — {x | x is a vowel}
= {y|y is a consonant}
B = U-B
= The set of English alphabet — {y | y is a consonant}
= {x|x isavowel}

A UB

{v |y is a consonant} U {x|x isa vowel}

The set of English alphabet ... (2)

From equations (1) and (2).

It is clear that (AN B) = A'n B
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With help of Venn Diagram, verify the two distributive laws in the following

A and B are overlapping, B and C are overlapping but A and C are

R
(A~B)(ANC)

A and B are overlapping, B and C are overlapping, but A and C are

Q.5

sets w.r.t. union and intersection.
(i) AcB, AnC = ¢ and B and C are overlapping.
(i)

disjoint.
Solution:
(i) AcB, AnC = ¢ and B and C are overlapping

Distributivity of union over intersection
1e. AUBNC = (AuB) N (AuC)

u
O
/¥ 7
AUBNC) AMB (AUB)N (AUC)
Distributivity of intersection over union i.e.
ANn(BulC) = (AnB)v(AuQ)
Ar(BUC)

(ii)

disjoint.

Distributivity of union over intersection
Le. AuBnNC) =(AuB)Nn(Au()

B

AU(BAC)

(AUB)(AUC)

AuC

% AUB
(I
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Distributivity of intersection over union.

i.e. ANnBul)=(AnB)U(AnC)

U
- e

AN(BUC)

(ANB)U(ANC)

Q.6  Taking any set, say A = {1,2,3,4,5} verify the following

(i) Avd =A (i) AVUA = A
Solution:
(i) Aud = A

A= {1,2,3,4,5)

Aud = {1,2,3,4,5 0}
(1,2,3,4,5)

= A

= Aud = A
(ii) AUA = A

A {1,2,3,4,5)
AUA = {1,2,3,4,5} U {1,2,3,4,5}
= 11,2,3,4,5} = A

(i) ANA=A
A= {1,2,3,4,5)
ANA = {1,2,3,4,5}n {1,2,3,4,5}
(12,3,4,5) = A

= ANnA=A
Q7 IfU={,273,4,5,..... 20}, A={L13,5,...... 19} verify the following

(i) AUA' =U (i) AnU=A (iii) ANnA =9
Solution:
i) AUA =U

A =U-A= {1,2,3.4,5,...... 200 — {1,3,5, ... 19}

= {2,4,6,8, ...... 20}
= AUA = {1,3,5,...... 19} U {2,4,6, ...... 20}
= {1,2,3,4,5, ...... 201 = U

(i) ANA = A
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i) AnU=A
AnU = {1,35,..... 19}~ {1,2,3,4,5, ... 20}
= {1,3,5,...... 19 = A
= AnU=A
(i) ANA =
A=U-A
= {1,2,3,4,5,...... 20} — {1,3,5, ...... 19}
= {2,4,6,...... 20}
AnA = {1,3,5 ... 19} N {2,4,6, ...... 20}
= { } =
= AnA =0
Q.8 From suitable properties of union and intersection deduce the following
results:
i) AN(AUB)=AU(ANB) (Lahore Board 2007, 2010)
(ii) AUVUANB)=ANn(AuB) (Gujranwala Board 2003)
Solution:
(i) AN(AUB) = AU(ANn B)
LHS. = An(AuUB)
= (AmnA)u(An B) Using distributive law
= AU(ANB) HANA = A
= R.H.S.
(i) AU(ANB) = An(AUB)
LHS. = AU(ANB)
= (AUA)N (AUB) by distributive law
= An(AuB) HAUA=A
= R.H.S.
Q.9 Using Venn Diagram, verify the following results.
i) ANB =Aiff AnNB=¢
(i) (A-B)UB = AUB
(iii) (A-B)NnB = ¢
(ivy AUB=AUA NB)

www.u\;stad360.com

30



Punjab | 11th Maths | Ch # 2 31

Solution:

i) ANB =Aiff AnB=¢
Le. by Venn diagram

= B[ OC

ANB =A ANB=¢
on contrary;
Suppose An B = ¢
Le.
U = 5| :
® ('] =
ANB =A

ANB=¢
= ANB =A if AnB =9¢
(i) (A-B)UB = AUB

aa | GHE

(A-B) U B AUB

From above figures it 1s clear that
(A-B)uB = AUB

(iii) (A-B)nB =¢ U

Cal

A-B
It is clear from above figure that (A—B)~ B = ¢
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(ivv AUB=AU(A NB)

U —
SUIm=_:

AUB AU(A'NB)

In above two figures the shaded portion is same.
= AUB = AU (A N B)
INDUCTIVE AND DEDUCTIVE LOGIC

Induction

The way of drawing conclusions on the basis of a few basic experiments or observations
is called induction.

Deduction

The way of drawing conclusions by accepting some well known facts is called deduction.
Proposition

A declarative statement which may be true or false but not both 1s called proposition.
Aristotelian and non—Aristotelian Logics:

Deductive logic in which every statement is regarded as true or false and there is no other
possibility, is called Aristotelian logic.

Logic in which there is scope for a third or fourth possibility is called non—Aristotelian

logic.
Symbolic Logic
Symbol How to be read Symb().hc How to be read
expression

~ (Negation) not = p Not p

A (Conjunction) and pAq p and g

v (Disjunction) or pvq p or q

— (Conditional) if .... then implies p—q p implies q

<> (Biconditional) if and only if peq p ifand only if q
or
p is equivalentto q
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How to use these Logics
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33

p q =P = A pvq - q—=>p p<>q
T T F F T T T T T
T F F T F T F T F
F T T F F T T F F
F F T T F F T T T
Converseof p—>q is q—>p
Inverseof p—>qis =p—>=(
Contrapositiveof p—>q is=q—> =D
Tautology
A statement which is true for all the possible values of the variable involved in it is called
a tautology.
Absurdity

A statement which is false for all the possible values of the variable involved in it is

called an Absurdity.

Contingency

A statement which can be true or false depending upon the truth values of the variable

involved in it is called contingency.
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EXERCISE 2.4

Q.1  Write the converse, inverse and contrapositive of the following conditionals.

(i) ~p—>q (Gujranwala Board 2007)

(i) q—>p

(iii) ~p—>~q (Gujranwala Board 2003, 2007)

(iv) ~q>~p

Solution:
Given Conditional Converse Inverse Contrapositive

(1) ~p—q q=>~p p—>~q ~q=p
(1) q>p P—>q ~q—>~p ~p—>~q
(i) ~p—>~q ~q=>~p p—>q q—>p
(iv) ~qQ—>~p ~p—>~q q—p P—>q
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Given Conditional Converse | Inverse | Contrapositive
p q ~p ~q ~p—>q q—=>~p [ P29 ~q—>p
T T F F T F F T
T F F T T T T T
F T T F T T F T
F F T T F T T F
(i1)
Given Conditional Converse | Inverse | Contrapositive
p q ~p ~q q—>p P—=q | ~9q—=>Pp ~p—>~q
T T F F T T
T F F T T F F T
F T T F F T T F
F F T T T T T T
(iii)
Given Conditional Converse | Inverse | Contrapositive
p q ~P ~q ~p —>~q ~q—>~p| p—>q q—>p
T T F F T T
T F F T T F F T
F T T F F T T F
F F T T T T T T
(iv)
Given Conditional Converse | Inverse | Contrapositive
p q ~p —q ~q —>~p pP—=>q9| 4—=>P p—q
T T F F T T T T
T E F T F T T F
F T T F T F F T
F F T T T T T T
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Q.2  Construct truth tables for the following statements
i) p—=>~pvp—>q G) (pA~P)—>q (Gujranwala Board 2003)
(ii) ~(p > (pAr~9q)

Solution:

(i) p—=>~pvip—>9q

Required truth table is given below

P q “P | p2>~p | p2q| p2>~pV(p—9
T T F F T T
T F F F F F
F T T T T T
F F T T T T
(i) (PA=p)—=>4q
Required truth table is given below
p q ~P pA~p (pr~p)—q
T T F F T
T F F F T
F T T F T
F F T F T
@iy ~P->qe (P ~q
Required truth table is given below
P q P9 ~(p—9q) ~q pr~q
T T T F F F
T F F T T T
F T T F F F
F F T F T F

As entries in the columns of ~(p — q) and p A ~q are same.

= ~(p—>q < pa~q
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Q.3  Show that each of the following statement is a tautology:

i pAq)—>p @{i) p—=>(pvyg) (Lahore Board 2004, 2009)
(iii) ~(p—>q)—>p (V) ~qA(p—>q)—>~p
Solution:

@ (pAqg—>p
Truth table of (p A q) = p is given below

p q pAq (Prq)—p
T T T T
T F F T
F T F T
F F F T

As (p A q) = p is true for all values of the variable so it is a tautology.

@i p->@pPvae
Truth table of p = (p v q) is given below

p q pvq p—>(pvaq
T T T T
T F T T
F T T T
F F F T

Since P — (P v q) is true for all values of the variable involved, so it is a tautology.
(iii) p—>q—->P
Truth table of ~ (p — q) — P is given below.

P q p=>q [~ | ~(P>9—>p
T T T F T
T F F T T
F T T F T
F F T F T

As = (p — q) — p is true for all values of the variable so it is a tautology.
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(i) ~qAa(p—=>q—>~p
Truth table of ~qA(p—>q) > ~p is
Pla] =P | =9 |29 | ~9r(pPp29 | ~gr(p>9 >~P
T|T F F T F T
T|F F T F F T
F|T T F T F T
F F T T T T T
As ~qna (p—q) > ~p is true for all values of the variable so it is a tautology.
Q.4 Determine whether each of the following is a tautology, a contingency, or an
absurdity.
() pa~p (i) p—>(q—>p) (i) qv(~qvp)
(Gujranwala Board 2005)
Solution:
(1) pA~p
p ~p pA~p
T F F
F T F
As p A = p is false for all values . So it is an absurdity.
@@ p-o>@->p)
Truth table of p—>(q—p) is
p q QP p—>(@—>P)
T T T T
T F T T
F T F T
F F T T
As p — (q —p) is true for all values of the variable so it is a tautology.
(i) qv(~qvp)

Punjab | 11th Maths | Ch # 2 38

Truth table of qv (~=qwv q) is

p q ~q (~qvP) qv(~pvp)
T T F T T
T F T T T
F T F F T
F F T T T

As q v (= qv p) istrue for all the values of the variable so it is a tautology.
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Q.5 Provethat pv(~pAa~qQv(paq=pv(~pa~q) (Lahore Board 2005)
Solution:

Pla|~P|~d|~par~q|pv=pA~q | Prq| pv(~pr~qV(pArq)

T T F F F T T F

T | F F F F T F T

FlT| T]|T F F F T

FI|F| T | T T T F T

As entries in the columns of pv (~pA~q)v(pAaq) and pv (~p A ~q) are same.

= pv(pA~@vpaq =pvi~pAr~q)

Hence proved.
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EXERCISE 2.5

Convert the following theorems to logical and prove them by constructing truth

tables.
Q1 (ANB) =AUB (Lahore Board 2004)
Solution:
Its logical formis ~(p A q) = ~p v ~ q its truth table is given below
Pl 4a]|prqa| ~prg | ~P | ~4q ~pv~q
T T T F F F F
T F F T F T T
F T F T T F T
F F F T T T T

As entries in the columns of ~(p A q) and ~p v ~q are same.

= ~(pArq) = ~pv~q

r "

= (AnB) = A UB
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Q2 (AUB) =A'NB

Solution:
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(AuB)uC =AuBuUQ)

Its logical formis (pvq vr = pvi(qvr)

Its truth table is given below

P14 r pvq |(pvgvr| qvr | pv(qvr)
T T T T T T T
T[T F T T T
T | F T T T T T
F [T T T T T T
F | F T F T T T
F [T F T T T T
T | F F T T F T
F | F F F F F F

As the entries in columns of (pv q)vr and p v (qvr) are same.

—
=

Hence proved.

Q3 ANnBNC=ANnBNO

Solution:

(pvgvr =pv(qvr)
(AuB)uC=AuBuU(

(AnB)nC =An(BNCOQ)
Its logical formis (pAq) AT = pA(qAar).
Its truth table 1s given below.

p | 9 r pAaqg |(pagAar| (QaT) pA(qAar)
T|T| T T T T
T T| F T F F F
T|IF| T F F F F
F|T]| T F F T F
F|F | T F F F F
F|T]|F F F F F
T|F | F F F F F
F|F ]| F F F F F

As entries in the columns of (p A g)ar and p A (qar) are same.

Uy

(PAQAT = pAl(qarT)
(AnNnB)NnC =An(BNCOC)
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Q4 AuBNn(O)=AUBIN(AVCO)
Solution:
Its logical formis pv(gar) = (pv q) A (pwvr). Its truth table is given below.

pPla| r | gar|pviQvy|pvg | pvr | (pvga(pvr)
T|T| T T T T T T
T|T| F F T T T T
T|F | T F T T T T
F|T]| T T T T T T
F|IF| T F F F T F
F|T]| F F F T F F
T|F | F F T T T T
F|F | F F F F F F

or

As entries in the columns of pv (qar) and (pv q)a (pvr) are same. So

pv@ar =(pvgalpvr)

AUBANC) = (AUB)N (AuUC)

Hence proved.
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EXERCISE 2.6

Binary Relation

Let A and B be two non—empty sets, then any subset of Cartesian product A x B 1is

called a binary relation, or simply a relation from A to B.

Q.1 For A = {1,2, 3,4}, find the following relation in A. State the domain and
range of each relation. Also draw the graph of each.
(i) {(xy)|y=x} (Lahore Board 2010)
(i) {xy)|yt+tx=5}
(i) {(xy)|x+y<5} (Lahore Board 2011)
(iv) {(x,y)|x+y>5} (Gujranwala Board 2003, Lahore Board 2003)
Solution:
Given that
A= 1{1,2,3,4}
Then

AxA = 1{1,2,3,4} x{1,2,3,4}

= (1L, D, (1,2),(1,3), (1,4),(2, 1), (2, 2),
(2,3),(2,4).(3,1),(3,2),(3,3),(3,4), (4, 1), (4, 2), (4, 3), (4, 4)}
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@)

Now

(ii)

Now

(iii)

(iv)
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{x,y)|y=x}
Let rp = {(x,y)|y=x}
= {(1,1),(2,2),(3,3),(4,4)}

r1 1s the required relation.

Domain rp = {1,2,3,4}
Range r = {1, 2,3, 4}
and graph of r is given
Y |y+x=5}
Letr, = {(x,y)|y+x=5}
= 1(1,4,(2,3),3,2),(4 D}

12 is the required relation.

Domainr, = {1, 2, 3, 4}
Range r,={4,3,2, 1}
and 1ts graph is given
Yy [x+y<5}
Let 3 = {(x,y)|x+y<5}
= {1, D, (1,2),(1,3), (2, 1),(2,2), 3, 1)}
r3 1s the required relation.
Domain r3 = {1, 2, 3}
Range r; = {1, 2,3}
Its graph is given
(%, y) [ x+y>5;
Let ry = {(x,¥)[x+y>5}
= 1(2.4),3,3),3,4),(4,2), (4, 3), (4,4)}
r4 1s the required relation.
Domain ry = {2, 3,4}

Range ry = {4,3,2}

Its graph is given

44

@4, 4)

®(3,3)

@
i1, 3)

@ Lo
(1.2) (2,2)

1 & @ ®
1,210 31

o 1 2 3 4 " x-axis
dly'-a:ds
(2.4) (3, 4) (4, 4)
(3 3) (4.3
g.f,';a;.
o 1 2 3 4 rx-ax-a
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Q.2  Repeat Q.1 when A =R, the set of real numbers. Which of the real lines are

functions.
M A=R {xyly=x .
i) {xy)|y+x=5; 1
(iii) {(x,y)|x+y<5} 4}
i) {xy)|x+y>5) 3]
Solution: i
M {xyly=x 1
Let 1y be the required relation, then . o h
_ _ X' N 1 2 3 4 " R-axis
= {xyly=x; s
Dom 1 = R |
Ranger; = R a1
[ts graph is given "
¥
¥

Its graph will be a straight line and r; is a function, because any vertical line will cut it at
only one point.

(i) {xxy|y+x=5}

Let ry be the required relation, then

L P

=Xy |ly+tx=35}
Domr =R

Ranger, = R

Its graph will be ¢ 4 3 2 A

Its graph will be a straight line and it is a function because any vertical line will cut it at
only one point.
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{x,y) | x+y<5}

Let r3 be the required relation,

13 = {(x,y)[x+y<5}

Dom r; = 'R
Ranger; = R
Its graph is given below

Y| x+y>5}

Let rs be the required relation,
g = {(x,y)[x+y=>35}

Dom ry =R and

Rangery = R

Its graph is given

& @ a3 3 4

L

¥

It is not a function because any vertical line does not cut it at only one point.
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Function

A binary relation ‘f” is called a function if there is no repetition in the domain of f.
[tis writtenas f : A —> B

Into Function
[fa function f : A — B is such that Range f # B then °f" is called an Into function.

For example,
f=1{(1,2),3,4),5,0)}
A

F

oo O B~ N

Onto (Surjective) Function

If a function f: A — B is such that Range f = B then ‘f" is called an Onto (surjective)
function. For example

f 1 {(c1, my), (c2, my), (c3, my)}

(1 —1) and Into (Injective) Function

If f is an Into function and there i1s no repetition in the range of ‘f” then ‘f" is called an
Injective (1 — 1 and into) function.

For example,

f: {(l,a), (23 b)} A B
1 — i

b

2 &
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(1 —1) and Onto (Bijective) Function

If ‘f" is an onto function and there 1s no repetition in the range of ‘f" then ‘f" 1is called
a Bijective (1 — 1 and onto) function. A B

For example,

f: {(a2), (b,x), (c.y)} ™ q‘

Q.3  Which of the following diagram represents a function and of which type?
B

a

o O 9o

= {(1.a),(1,b), (2,¢), 3, d)}

[t is not a function because there is repetition in its domain.

e
(EL)

= {(a,1),(b,2),(c, 5)}

It is a function and itis 1 — 1 and onto (Bijective) function.

| A
ga=g)

= {(1,2),(2,b), 3, ¢)}
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[t is also a function and itis 1 — 1 and Onto (Bijective) function.

fig. (iv)

= {(L x), (m, x), (n, z)}

It is a function and it is an into function.

Inverse of A Function

Inverse of a function or relation can be obtained by interchanging the components of each
ordered pair.

Q.4  Find the inverse of each of the following relations. Tell whether each relation
and its inverse is a function or not.

(i) {2,1),3,2),4,3), 5, 4), (6, 5)}

(i)  {(1,3),2,5),3,7),(4,9), (5 11)}

Giii) {(x,¥y)|y=2x+3, xe R} (Gujranwala Board 2003)
(iv)  {(x,y) |y’ =4ax, x>0}

V) Ay |X+y =9, [x|<3,]y] £ 3}

Solution:
(i 12, 1), (3,2), 4, 3), (5, 4), (6, 5)}
Let

r={2,1),(3,2),43),(5,4),(6,5)}

There is no repetition in the domain of .
= r is a function

now its inverse is

rl = 1L2),2,3),3,4),4,5), 5, 6)}

As there 1s no repetition in the domain of r !

= r | is also a function.
(i) {(1,3),(2,5),(3,7), (4,9), (5, 11)}
Let

r=1{(1,3),(2.5),3,7),409),(, 1)}
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(v)
Let

Now
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As there is no repetition in the domain of r.

r is a function

now

rl =G 1, (5,2),(7,3), 9, 4), (11, 5)}
There is no repetition in the domain of r I
r ! is also a function.

{(x,y)|y=2x+3, xe R}
r={(x,y)|y=2x+3, xe R}

‘r’ is a function because for each value of x € R, there is only one value of vy.

-1
r

{(x,y)|x=2y+3, xe R}

%(x,y)b’ = ):2;3 X e ER}

r ! is also a function because for each value of x € R, there is only one value of y e R.
{(x,y) | y* = 4ax, x 2 0}

{(x, y)|y2=4ax, x>0}

{xy)|y==%d4ax , x 20}

{xyly=%2+fax, x 20}

‘r’ is not a function because fore each value of x, there are two values of y.

r

r = {(x,y)|x2=4ay,x20}
2

[ X

(&Y =25, x20

r ! is a function because for each value of X, there is only one value of y.
{5y X" +y" =9, x|<3, [y|<3)

r= {(y) X +y =9, K<3, [y|< 3}

= {(x,y)|y:i\|'9—x s |}'{|S 3: |Y|£ 3}

‘r’ is not a function because for each value of x there are two values of y.

—1
r

2 2 .
{x,y)|x"+y =9, [x|<3, |y[<3}

{xy)ly =+9-x", x| <3,y <3}

r ! is not a function because for each value of x, there are two values of y.
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Binary Operation

A binary operation denoted as * (read as star) on a non-empty G is a function

associates with each ordered pair (a, b), of elements of G, a unique element, denoted as a * b
of G.

Properties of Binary Operation

Let S’ be a non—empty set and * a binary operation on it. Then * may possess one or
more of the following properties.

(1) Commutativity: * is a said to be commutative if
a*b =b*xa V abe S.
(2) Associativity: * is said to be associative on S
a*(b*xc) = (axb)*c V a,b,c,e S
(3) Existence of an identity element: Anclement e S is called an identity element w.r.t. * if

a*e¢c =¢*a =aV ae S.

(4) Existence of inverse of each element: For any element ae S, 3 anelement a € S
such that

axa =a*a=e (the identity element)

www.u\;stad360.com
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Q.1 Complete the table, indicating by tick mark those properties which are
satisfied by the specified set of number.
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EXERCISE 2.7

Property Set of Natural Whole Integers Rationale Reals
numbers
2 v v v v v
Closure
= v v v v v
Associative @ v v v v v
v v v v v
v v v v
Identity @ x
v e v v v
@ % x v v v
Inverse
X x x ( *
Commutative @ v v
e v
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Q.2 What are the field axioms? In what respect does the field of real numbers
differ from that of complex numbers.

Solution:

A non empty set F is said to be field if
(1) F 1s an abelian group w.r.t. ‘+’.
(11) F— {0} 1s an abelian group w.r.t. “x’.

(ii1))  Left and Right Distributive laws hold in F.

Field of real numbers is different from the field of complex numbers because in the field
of real numbers we can compare two real numbers such that one number is less than the other, but
in the field of complex numbers, we can not compare two complex numbers such that one
number is less than the other.

Q.3  Show that the adjoining table is that of multiplication of the elements of the
set of residue classes modulo 5.

* 0 1 2 3 4
0 0 0 0 0 0
1 0 1 2 3 4
2 0 2 4 1 3
3 0 3 1 4 2
4 0 4 3 2 1

Solution:

The above table shows the multiplication of the elements of the set of residue classes
modulo 5 because in table

2x3 = 6 = 1 (remainder after dividing 6 by 5)
2x4 = 8 = 3 (remainder after dividing 8 by 5)
3x3 = 9 = 4 (remainder after dividing 9 by 5)

3x4 = 12 = 2 (remainder after dividing 12 by 5)
4x4 = 16 = 1 (remainder after dividing 16 by 5)

Q.4 Prepare a table of addition of the elements of the set of residue classes
modulo 4.

Solution:

Required table is given below.
Consider the set {0, 1, 2, 3}

= 0 1 2 3
0 0 1 2 3
1 1 2 3 0
2 2 3 0 1
3 3 0 1 2
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Q.5  Which of the following binary operations shown in table (a) or (b) is
commutative?
* a b C
a a C b
b b c b a
C C d b c
d a a b b
(a)
* 1n table (a) is not commutative because
a*b =cand b*a
= a*b # b*a
* a b v d
a a c b d
b C d b a
c b b a C
d d a C d
(b)
* 1n table (b) is commutative
because
a*b =cand b*a = ¢
= a*b = b*a
Similarly other elements can be checked.
Q.6 Supply the missing elements of the third row of the given table. So that the
operation may be associative.
* b d
a b d
b a d
C — —
d c d
Solution:

Punjab | 11th Maths | Ch # 2

Suppose the required elements are p, q, 1, s then

p=c*a=(d*b)*a=d*x(b*xa) =d*b =c

q=c*b =(d*b)*b =d=*(bxb) =d*a =d
r=c*c=(d*b)*c
s=c*d = (d*b)*d =d*(bxd) = d=*d

d*(b*c¢c) = d=*c

C

d
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Q.7  What operation is represented by the adjoining table? Name the identity
element of relevant set, if it exists. Is the operation associative? Find inverse

of 0,1, 2,3 if they exist.

Solution:
* 0 1 2 3
0 0 1 2 3
1 1 2 3 0
2 2 3 0 1
3 3 0 1 2
(i) Operation is ‘+’ modulo 4.
(i1) ‘0" 1s the identity element.
(11)  yes, operation is associative.
(1v) Inverse of 0 = 0
Inverse of 1 = 3
Inverse of 2 = 2

Inverse of 3
GROUPS
Groupiod

A closed set with respect to an operation * 1is called a groupoid.

Semi Group

1

A non—empty set S 1s semi group if

(1) It is closed with respect to an operation *

(11) the operation * is associative.

Monoid

A semi group having an identity in it is called monoid.

Group

A monoid having inverse of each of its elements under * 1is called a group.

Abelian Group

If a group G satisfies an additional condition i.e.

forevery a,be G , a*b = b#*a

then G is called an Abelian or commutative group under *.
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EXERCISE 2.8

Q.1  Operation ® performed on the two member set G = {0, 1} is shown in the
adjoining table.

@ 0 1
0 0 1
1 1 0

Answer these question
(i) Name identity element if it exists?
(ii) What is the inverse of 1?
(iii)  Is the set G under the given operation a group.
(iv)  Abelian or non—abelian.
Solution:
Let G = {0,1}
(1) ‘0 1s the 1dentity element
(i1) Inverse of 1 1s 1
(1i1) Yes, it is a group because it satisfied all conditions for a group.
Because 1+0 =0+1

Q.2  The operation €@ as performed on the set {0, 1, 2, 3} is shown in adjoining
table. Show that the set is an abelian group.

Solution:
@ 0 1 2 3
0 0 1 2 3
1 1 2 3 0
2 2 3 0 1
3 3 0 1 2
Let G = {0,1,2,3}
(1) G 1s closed w.r.t. @ because each element in the table belongs to G.
(11) @ 1is associative in G because V a,b,ce G (a@b)@ ¢ = a® (b® ¢)
(111) ‘0 1s the identity element in G. Because ¥V ae G a+0 = a = 0+a.

(iv) As inverse of each element of G exists in G, wr.t. @
inverse of 0 = 0
inverse of 1 = 3
inverse of 2 = 2
inverse of 3 = 1
(v) G satisfies commutative property w.r.t. @
ie. V a,be G
a®@b=DbDa
= ‘G’ 1s an Abelian group w.r.t. ©@.
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Q.3  For each of the following sets, determine whether or not the set forms a

group w.r.t. indicated operation
(i) The set of rational numbers w.r.t. ‘x’.
(ii) The set of rational numbers w.r.t. “+°.
(ili)  The set of positive rational numbers w.r.t. *xX’.
(iv)  The set of integers w.r.t. ‘+°.
(v) The set of integers w.r.t. ‘X’.
Solution:
(i) The set of rational numbers w.r.t. ‘X’.

The set of rational numbers w.r.t. multiplication is not a group because inverse of 0 does

not exists.

(ii) The set of rational numbers w.r.t. “+°.
The set of rational numbers w.r.t. + is a group.

because
c—-1 V abeQ
atbe QQ
= Q isclosed w.rit. +

c-2 ab,ceQ

(a+tb)tc =a+(b+c)
= ‘+” 1s associative in Q
c—3 ‘0" istheidentity element in Q

suchthat vV ae Q,a+0=0+a = a
c—4 Inverse of each element in Q belongs to Q.
1.e. ¥V ae Q 3-ae Q such that

at(—a) =0=(—a)ta

As all conditions for a group are satisfied so (Q, +) is a group.

(iii)  The set of positive rational numbers w.r.t. ‘X’

The set of positive rational numbers Q-+ is a group under multiplication. Because

c—-1 V abe Q+
a.be Q'
= Q+ is closed under ‘e’

(a+b)+c =a+(b+c)
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[ )

= ¢’ is associative in Q+.

¢c—3 1€ Q and I isan identity element in Q+.
suchthat ¥V ae Q ,a.l1=1.1=a

c-4 As 0¢ Q' andinverse of each element of Q" existin Q" i.e.

vV ae Q ée Q" such that
.
As all the conditions for a group are satisfied so Q" is a group under multiplication.

(iv)  The set of integers w.r.t. ‘+’.

The set of integers Z w.r.t. + is a group because

c—-1 V¥V abelZ,

‘2’ 1s closed under +.
(atb)y+c =a+(b+c)

= “+’ is associative.

C—-3 0’ is the identity element in Z.
le. V ae Z
at0=0+a=a

c—4 Inverse of each elementin Z exists in Z.

1.e. YV ae Z 4 —ae Z such that
at(—a) = (—a)+a =20

= (Z,+) 1s a group.

(v) The set of integers w.r.t. ‘X’.

The set of integers 1s not a group under multiplication because inverse of 0 does not

exists in Z.

Q.4 Show that the adjoining table represents the sum of the elements of the set
{E, 0}. What is an identity element of this set? Show that this set is an abelian
group.

® E
E E
0 0

Solution:

As E+E =E
E+0 =0
O+E =0
0+0 =E
‘E’ is the identity element in {E, O} {E, O} is an abelian group under +

because
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(Gujranwala Board 2007)

c¢—1 all elements in table belongs to {E, O}
= {E, O} 1is closed under “+.
¢—2 Asassociative law holds in {E, O}
= ‘+’ 1s associative.
c—3 ‘E’ is the identity element in {E, O}
c—4 inverseof E = E
inverse of O = O
= inverse of each element in {E, O} belongsto {E, O}
c—5 As
E®@O =08E
= Commutative law holds under “+°.
= {E, O} is an abelian group.
Q.5  Show that the set {1, w, w’} when w® =1 is an abelian group w.r.t. ordinary
multiplication.
Solution:
Let G = {l,0,n}
First we construct multiplication table
. 1 ®
| 1 (0]
® o
bj o2 1
Now
c¢—1 Asall elements in table belong to G.
= ‘G’ is closed under multiplication.
¢—2 operation ‘e’ is associative because
¥V a,b,c,e G, (a.b).c=a.(b.c)
c—-3 1e G isanidentity element
c—4 inverseof 1 = 1
inverse of ® = ©”
inverse of ®° = ®
= inverse of cach element of G existin G.
c—5 commutative law holds in G w.r.t. e’
because V a,be G a.b=b.a
= G = {l,®, ®"} is an abelian group under multiplication.
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If G is a group under the operation * and a, b € G, find the solution of
equations: a*x=b , x*a=h. (Lahore Board 2010)

Solution:

Q.7

Given
a*x = b
a ! (a*x) = a '%b
(a_' * )% X = a b by associative law
exx =a *b
X =a *b
Now
X*a=>b

(x*a}*a_l = bxa

X* (a* a,']) =b+*a by associative law

-1

Xx*e =b=xa
—1
X = b*xa
which is required solution.

Show that set consisting of elements of form a + \/5 b (a, b being rational), is
an abelian group w.r.t. addition.  (Gujranwala Board, Lahore Board 2007)

Solution:

Let S = {a++3b,a,be Q}

¥V at++3b,ct3de G
(a+~3b)+(c+/3d)
=a+\3+c+3d=(atc)+\3(b+de G
G is closed w.r.t. addition.

‘+" 1s assoclative in G because

v a+\/§b, c+\f§d, e+\f§fe G
[(a+4Bb)+(ct\3d)]+(er3r)
=(a+\3b)+[(c+3d)+(e+/3)]

0+\f§{}e G such that
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v a+\/§be G

(0+/30)+(a+/3b)

=a++3b

(a+3b)+(0+30)

identity element exists in G.

61

c—4 V (a++3b)e G 3 (-a-+3b)e G
suchthat(a+\/§b) +(—a—\/§b) = 0++/30
= inverse of each element exists in G.
c-5 V¥V (a+3b),(c++/3d)e G
(a++/3b)+(c++/3d) = a++3b+c+/3d
= atc+/3 (b+d)
= (c+3d)+(a++/3b)
= Commutative law holds in G.
= G is an abelian group w.r.t. addition.
Q.8 Determine whether (P (S), *), where * stands for intersection is a semi-
group, a monoid or neither. If it is monoid, specify its identity.
Solution:
(P (S),*) is a monoid because
c—-1 VvV A/ BeP(S) , AxBe P(S)
Le. AnBe P(S)
= P (S) is closed under *
c-2 ¥V AB,CeP(S)
A*(B*C) = (A*xB)*C
1e. ANn(BNC)=(AnB)nC
= * is associative in P (S)
c—3 ‘S’ is the identity element in P (S)
i.c. ¥V Ae P(S)
A*S = AnS = A
and S*A=SnA=A
As inverse of each element in P (S) does not exist in P (S).
= (P (S), *) is a semi group and monoid.
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Q.9 Complete the following table to obtain a semi—group under *.
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* a b c
a c a b
b a b c
¢ — — a

Solution:
Let /, m are required elements.
then to obtain a semi group associative law must be satisfy

1.e (a*a)*a = ax*(a*a)
c*a = a*c
[ =D

also (a*a)*b = a*(a*xb)
cx*b =a*a
m= ¢
= b, ¢ are required elements.
Q.10 Prove that all 2 X 2 non-singular matrices over the real field form a non-
abelian group under multiplication.

Solution:
([Ta b
Let(}:’l . 4| »bcdeR,ad-bc#0
c—1 Let A,Be G
such that

aj b] az b2
A.B = |:c-1 dl][c; dz}
B |:El|213+b102 a|b2+b]dg}
B cia; +djea  c¢ba +dids <
= G is closed under multiplication.
c—2 ‘e’ isassociative in G.
because in matrices, ¥V A,B,Ce G
(A.B).C=A.(B.O

1 O o ) . i

c-3 b :[ 0 l]E G which is an identity element in G suchthat Vv Ae G
AL = A = LA.

= Identity element exists in G.

c-4 ¥V Ae G 3 A 'e G such that

AA'=L=A'A
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We can check it as
- aj b] :|
A= [C[ d1

ad] A 1 [ d, —b]]

Al = -
|Al ajd; — bicy

d — b _|

_ a],d] —b[C] El[d[ —b1C1
= e a | e G

a|d| —b]C| ald] - b]C] J

— €1 aj

Iverse of each element in G existin G.

In matrices, we know that

Vv A,Be G

A.B=#B.A

Commutative law does not hold in G.

‘G” form a non—Abelian group under multiplication.
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