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CHADTED

MATHEMATICAL INDUCTION
AND BINOMIAL THEOREM

PRINCIPLE OF MATHEMATICAL INDUCTION (Lahore Board 2009)

The principle of mathematical induction is stated as follows:

S (1) istruei.e., S(n) istruefor n = 1 and S (k+ 1) is true whenever S (k) is true
for any positive integer k, then S (n) is true for all positive integers

PROCEDURE

Condition 1: Substituting n = 1, show that the statement is true for n

I.

Condition 2: Assuming that the statement is true for positive integer k, then show that
it is true for the next higher integer.

EXERCISE 8.1

Q.1  Use mathematical induction to prove that the following formula for every
positive integer n.
1+5+9+..... +(4n-3) = n(2n-1)

Solution:

Let S (n) be the given statement, that is
S(n):1+5+9+

....... +(4n-3) = n(2n—1)
Condition 1

When n = 1, S (1) becomes
S(l): 4(1)-3 =12~
1 =1

L.H.S. = R.H.S. Thus C—1 is satisfied.
Condition 2

Let us suppose that S (n) is true forany n = Ke N, thatis S (k);
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1+5+9+....+@k-3)=k@2k-1) ... (1)
Adding [4 (k+ 1) —3] an both sides of (1),
I +5+9+....... +(4k-3)+[4(k+1)-3] = k@k-1D+[4(k+1)-3]
= 2k —k+4k+4-3
= 2k*+3k+1
= 2K+ 2k +k+1
= 2k(k+1)+1(k+1)
= (k+1)(2k+1)
= (k+D2k+2-1)

(k+1)[2(k+1)-1]

= n=%k+1
Thus S (k+ 1) is true if S (k) is true. Therefore C-2 is satisfied.
Since both conditions are satisfied. Therefore S (n) is true for any positive integer.

Q.2  Use mathematical induction to prove that the following formula for every
positive integer n.

1+3+5+....+(2n-1) = n’ ( Lahore Board 2005, 2008)
Solution:

Let S (n) be the given statement, that 1s

S): 1+3+5+....+(2n—1) = n’

Condition 1

When n = 1
2-1=1

1 =1

L.H.S. = RH.S.

Therefore condition 1 is satisfied.

Condition 2
Let us suppose that S (n) is true forany n = K e N, thatis
Sk): 1+3+5+...+Qk-1)=kK ... (1)

Adding [2 (k+ 1) 1] on both sides
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K+[2®k+1)-1]
= K +2k+2-1

= K +2k+]1

= (k+1)

Thus S (k+ 1) is true when S (k) is true. Theretore condition 2 is satisfied.

1 +3+5+... +(2k—1)+[2(k+ 1) 1]

Since both conditions are satisfied, so S (n) is true for every positive integer.

Q.3  Use mathematical induction to prove that the following formula for every
positive integer n.

14447+ o+ (30 —2) = M?":;—_ll

Solution:
Let S (n) be the given statement, that is

3n-1
Sn): 1+4+7+...... +(3n_2}:g1;_1

Condition 1
When n = 1, S (1) becomes

131
L=
2
=3
= 1
LHS. = RHS.

Therefore condition 1 is satisfied.

Condition 2
Let us suppose that S (n) is true forany n = Ke N, thatis
k(3k—1
S(k): 1+4+7+ ... +(3k—2}=% ......... (1)

Adding [3 (k+ 1) ~2] on both sides of (1)

I 4+4+7+ ... +@k-2)+[3(k+1)-2] = M¥+[3(L’.+1)—2]

k (3k—1
= 42—1+3k+1
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= n=k+1
Thus condition (2) is satisfied.

Hence S (n) 1s true for every +ve integer.

3K° —k + 6k + 2

3k% + 5k +2

2

3k + 3k + 2k + 2

2

2

Ik (k+ 1)+ 2 (k+ 1)

(k+1) 3k +2)

2

(k+1)(3k+3-1)

2

2

REDICEDE))
2

Q.4 Use mathematical induction to prove that the following formula for every

positive integer n.

1+2+4+.... +2" =2"_1
Solution:

Let S (n) be the given statement that is

S(n): 1+2+4+. ... +2"1 =2"—
Condition 1

When n = 1, S(1) becomes

2 =2

20 =2-1

1 =1

L.H.S. = RH.S. therefore condition 1 is satisfied.

Condition 2

Let us assume that S (n) is true forany n = k e N, that is

S(k): 1+2+4+....+28" =21
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1

Adding 27! on both sides

T I T S B e B S RIS

= 2.2 1 (@2F+2F = 25

— 2k+1_l

Therefore condition 2 is satisfied. Both conditions are satisfied. Hence S (n) is true for every
+ve integer.

Q.5 Use mathematical induction to prove that the following formula for every
positive integer n. (Lahore Board 2010)

1+l+l+ ...... + 1|=2|:1—%:|

Solution:
Let S (n) be the given statement, that is

1 1 1 1
S(n): 1+2+4+ '''''' +2]1—1=2[]_211}

Condition 1

When n = 1; S(n) becomes

|
S(): 1= 2[1—2|]
l=2x%=]

L.H.S. = R.H.S. therefore condition 1 is satisfied.

Condition 2
Let us suppose that S (n) is true forany n = ke N, that is
1 1 1 1
l+5+1+ ..... +Eﬂ=2 ]_EE ......... (1)
: 1 :
Adding SKFI-T on both sides of (1)
1+l+l+ +l+ 1 —2[1 1}+ 1
2 4 ----- 2](—1 2](—1—1 - _EE E](TITT
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_2[2"—1‘+1
B ok 1Tk

_ L]
= 2| R QE‘”J
= 2 l——ﬂ
i 2|{+]J

Thus S (k+ 1) istrue of S (k) is true. Therefore condition 2 is satisfied. Hence S (n) is true for
every positive integer.

Q.6 Use mathematical induction to prove that the following formula for every
positive integer n.

2+4+6...+2n=n(n+1)
Solution:
Let S (n) be the given statement given, that is
S(n): 2+4+6.... +2n = n(n+1)
Condition 1
When n = 1; S(n) becomes
S(1), 2 =1(1+1)
2=2
L.H.S. = RH.S.
Therefore condition 1 is satisfied.
Condition 2
Let us suppose that S (n) istrue for n = ke N thatis
S(k): 2+4+6+....... +2k = k(k+1) .. (1)
Adding 2 (k+ 1) on both sides
2+4+6+...... +2k+2(k+1)

k(k+1)+2(k+1)
K+ k+2k+2
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k(k+1)+2(k+1)
(k+1) (k+2)

(k+1)(k+1+1)
Thus S (k+ 1) istrue of S (k) is true. Therefore condition 2 is satisfied.
Since both conditions are satisfied. Therefore S (n) is true for every +ve integer.

Q.7 Use mathematical induction to prove that the following formula for every

positive integer n. (Lahore Board 2006)
2+6+18+... +2x 3" =3"_1
Solution:

Let S (n) be the given statement, that is

S(n): 2+6+18+.....+2x3" =3"
Condition 1

When n = 1; S (n) becomes

S(1): 2=3-1

2 =2
= L.H.S. = RH.S. therefore condition 1 is satisfied.
Condition 2
Let us suppose that S (n) is true for n = ke N, thatis
S(k);2+6+8+.......+2><3k_1=3"—1 ......... (1)
Adding 2x 37" on both sides
246+ 8+ . +2x 3 +2x 3T = 33!
= 3*+2x 31
= 351 +2)-1
= 3k

Thus S (k+ 1) is true when S (k) is true.
Therefore condition 2 is satisfied. Since both conditions are satisfied. Therefore S (n) is true for
every positive integer.
Q.8 Use mathematical induction to prove that the following formula for every
positive integer n. (Gujranwala Board 2003)
n(n+1)(4n+)5)
6

IX3+2x5+3x7+...+nxX2n+1) =
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Solution:
Let S (n) be the given statement, that is

n(n+1)@n+5)
6

Sn): 1x3+2x5+3x7+ ... +n(2n-1) =

Condition 1

When n = 1, S (n) becomes

. _ 12O
S(1): 1x3 =—=

3=3
= L.H.S. = RH.S.
Therefore condition 1 is satisfied.
Condition 2

Let us assume that S (n) istrue for n = ke N, i.e.

_|_
S (k) 1x3+2x5+3x7+... +k(2k+1)=k(k+1)6(4k ot (1)

Adding (k+1)(2(k+ 1)+ 1) on both sides of (1)
Ix3+2x5+3x T+ . +kQk+1)+k+1)[2%k+1)+1]

k(kk+1)@4k+5)
a 6

Ck(k+1)@k+5)+6(k+1)(2k+3)
- 6

+(k+1)(2k+3)

C(k+ 1) [k(dk+5)+ 62k +3)]
- 6

okt 1) [4k* + 5k + 12k + 18]
N 6

(k1) (4K + 17k + 18)
B 6

(k + 1) (4k> + 8k + 9k + 18)
6

C(k+ 1) [4k (k+2)+ 9 (k + 2)]
N 6
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(k+1)(k+2)(4k+9)
6

(k+1)(k+2)(4k+4+5)
6

(k+1)(k+2)(4k+1)+5)
6

(kD (k+ 1+ D [4k+ D +5]
- 6

Thus S (k + 1) is true when S (k) 1s true. Condition 2 1s satisfied. Since both conditions are
satisfied. Therefore S (n) is true for every +ve integer.

Q.9 Use mathematical induction to prove that the following formula for every
positive integer n.

= +
1x2+2x3+3x4+...n(n+1) = n (n 13)(11 2)

Solution:
Let S (n) be the given statement, that is

nin+1)(n+2)

Sn): 1x2+2x3+3x4+ ... nn+1) =

Condition 1

When n = 1; S (n) becomes

1(2)(3
S (1): 1><2=J—3L(—1
2=2

= L.HS. = RHS.
Hence condition 1 is satisfied.
Condition 2

Let us assume that S (n) 1strue forany n = ke N, 1e.
k(k+1)(k+2)
3

S(k) 1x2+2x3+3x4+ ... +k(k+1) =

Adding (k+ 1)x (k+ 1+ 1) on both sides
Ix2+2x3+3x4+. . .+kk+D+k+Dk+1+1)
Ckkt+1)(k+2)

a 3

+(k+1)(k+2)
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Ckk+D)(k+2)+3(k+1)(k+2)
B 3

_ (k+ 1) (k+2)[k+ 3]

3 (taking common)

(kD) (k+2)(k+3)
N 3

(kD) (k1) (k+1+2)
a 3

Thus S (k+ 1) is trueif S (k) i1s true.

Therefore condition 2 is satisfied. Since both conditions are satisfied. Therefore, S (n) i1s true for
every +ve integer.

Q.10 Use mathematical induction to prove that the following formula for every
positive integer n.

nn+1)@4n—-1)
3

1x2+3x4+5x6+ ...t (Zn—-1)x2n =

Solution:
Let S (n) be the given statement, that is

nn+1)(4n—-1)
3

S(n): 1x2+3x4+5x06+ ... +(2n—-1)(2n) =

Condition 1
When n = 1, S(n) becomes
_1d+DH@E-1)

S(1): 1x2 3
2x3
2=73

L.H.S. = R H.S. therefore condition 1 is satisfied.
Condition 2

Let us suppose that S (n) istrue for n = ke N thatis

+ —_
S(k); 1x2+3x4+5x6+....... +(2k—1}><2k=k(k 1;(41( SR (D

Adding [2 (k+ 1)~ 1]x 2 (k+ 1) on both sides of (1)

Ix2+3x4+5x6+....+2k-1)x2k+[2(k+1)-1]2(k+1)
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- k(“1)3(4"_”+[2(k+1)—1]2(k+1)

~ kk+1)@k-1)
3

+(2k+ 1)x 2 (k+1)

Ck(k+ 1) (4k— 1)+ 62k +1) (k+1)
- 3

C (k+ D[4k’ -k + 12k +6]
- 3

C(k+ 1) @K+ 11k + 6)
B 3

(k+1) (4K° + 8k + 3k + 6)
- 6

(k1) 4k +3)(k+2)
B 6

(kD) (k+1+1)(dk+4-1)
- 6

(kD) (k1) (dk+1-1)
- 6

Thus S(k+ 1) istrueif S (k) is true.
Therefore condition 2 is satisfied. Since both conditions are satisfied.
Therefore S (n) is true for every +ve integer.
Q.11 Use mathematical induction to prove that the following formula for every
positive integer n.
1+1+]++1_11 n+1-1 n
I1x2 2x3 3x4 "™ nm+1)
Solution:
Let S (n) be the given statement, that is

S R SR B 1 n
1x2 2x3 3x4 " an+l) -

“n+1  n+1  n+1

S (n):

Condition 1
When n = 1; S(n) becomes

1
ST T
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b | =
b | —

= L.H.S. = R.H.S. therefore condition 1 is satisfied.
Condition 2

Let us suppose that S (n) is true for n = ke N thatis

L1 1 k
SO T2 %3 axa T TR ) Ther e (1

: 1 :
Adding k+D)k+1+1)On both sides

1 1 | 1 1
1x2 23t 3xa™ TR+ ) Tk+ D (k+1+1)

k 1
Tkt (k+1)(k+2)

C k(k+2)+1
T (k+1)(k+2)

K +2k+1
S (k+1)(k+2)

K42k
C(kt+ 1) (k+2)

(k+ 1)°
(k+1)(k+2)

B (k+1)
k+1+1
Thus S (k+ 1) is true when S (k) is true.

Therefore condition 2 is satisfied. Since both conditions are satisfied.

Therefore S (n) is true for every +ve integer.

Q.12 Use mathematical induction to prove that the following formula for every
positive integer n.

1,11 1 _m
1x3 3x5 5x7 " @n-1)2n+1) ~ 2n+1

Solution:
Let S (n) be the given statement, that is

1 1 | 1 n
S 3 35 57 T 2n-@2n+1)  2n+1
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Condition 1
When n = 1, S (n) becomes

1 1
S Mm@y = 2+1

| —
d | —

= L.HS. = R.H.S.
Therefore condition 1 is satisfied.
Condition 2

Let us suppose that S (n) istrue for n = ke N thatis
1 1 I 1 k

Ix3 3x5 5x7 "=t Qk—1)@k+1) ~2k+1 e ()
Adding [2 k1) ]]1[2 ket 1)+ 1] on both sides of (1)
S A I - ]
Ix3 3x5 5x7 Ek-DCEk+D NDk+1)-1][2K+1)+1]
.k 1
T 2k+ 1) T (2k+ 1) (2k+3)
 k(2k+3)+1
= (2k+ 1) (2k +3)
2K + 3k + 1

T (2k+ 1) (2k +3)

AP+ 2k k]
T2kt 1) 2k +3)
L2k (k+1)+1(k+1)
T (2k+1)(2k+3)

C (k+ 1) (2k+1)
2k + 1) (2k + 3)

k+1 (k1)
2k+2+1 2(m)+l

Thus S (k+1) is true, when S (k) is true. Therefore condition 2 is satisfied.

Hence S (n) is true for every +ve integer.
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Q.13 Use mathematical induction to prove that the following formula for every
positive integer n.

1 N 1 N 1 N N 1 B n
2x5 5x8 8x11 Bn-1)3n+2)  23n+2)
Solution:

Let S (n) be the given statement, that is

1 1 ]
S 3 st sxg T gx 11 T

n

TGn-1)(3n+2) _ 2(3n+2)

Condition 1

When n = 1, S(n) becomes

| |
S 355 23+2)

= L.H.S. = R.H.S.
Therefore condition 1 is satisfied.

Condition 2

Let us suppose that S (n) istrue forn = ke N, ie.

1 1 1 1

k
S 35 5o g TRt

TGk 1)@k+2)  23k+2) e (1)

1
Addin

£ [3k+D)-1][3®&+1)+2]
I N N 1
2x5 5x8 8x11 7

on both sides

1
+(3k—1)(3l<+2)+[3 k+1)—1][3 &+ 1)+2]
k. 1

2Gk+2) [3k+1)—1][3®&+1)+2]

k |
T 2(3k+2)  (3k+2) (3k+9)

k 3k +5)+2
2 (3k+2) (3k + 5)
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KP4 5k+2
T 203k +2)(3k+5)

3K +3k+2k+2
T 2(0k+2)(3k+5)

C3k(k+1)2(k+1)
T 2(3k+2)(3k+5)

(k+1) (3k +2)
2 (3k+2) 3k + 5)

k+1 k+1
203k+35)  2(3k+3+2)

(k+1)
2[3(k+1)+2]
Thus S (k+ 1) is true, when S (k) is true.

Therefore condition 2 is satisfied. Thus S (n) 1s true for every +ve integer.

Q.14 Use mathematical induction to prove that the following formula for every
positive integer n.

n_rd-r"

r+r+r + . +r
1-r

Solution:
Let S (n) be the given statement, that is

) 2.3 n r(l-r")
Sm): r+r +1r + ... +r = 1

Condition 1

When n = 1, S(n) becomes

1—
S (1): r=%_—r?
r=r

= L.H.S. = R.H.S.
Therefore condition 1 is satisfied.
Condition 2
Let us suppose that S (n) is true forany n = ke N, that is

'
| —
S(k): r++r+ . b1t = % ......... (1)
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Adding both sides by r*"’

NI k+k+|_L—fk)+k+|
r+r 41+ r +r = -p T

r(l —rk)+(] —1')1‘1’chl

(I-r)

- I'—l‘k”-i“rk”—rk.lll
N l—r

k+1+1
o r—r
B l—r
B 1‘(]—1‘k'l

l -1

Thus S (k+ 1) is true when S (k) is true.

Therefore condition 2 is satisfied.

Hence S (n) is true for every +ve integer.

Q.15 Use mathematical induction to prove that the following formula for every
positive integer n.

a+(a+d)+(a+2d)+..... [a+(m-1)d] =%[2a+(n—l)d]

Solution:
Let S (n) be the given statement that is

S(): at(a+d+(a+2d)+..... [a+(n-1)d] =5 [2a+(@n-1)d]

n
2
Condition 1

When n = 1, S(n) becomes

S(1): a %[ZaJr(]—])d] =%(23)

a=a
= L.H.S. = R.H.S.
Therefore condition 1 is satisfied.

Condition 2
Let us suppose that S (n) istrue forany n = ke N, 1.

c.
S(k): at(@a+d)+(@+2d)+ ... [a+(k—1)d] =l§ [2a+ (k—1)d] ......... (1)
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Adding both sides by [a+(k+1—1)d]
a+(@a+dy+(a+2d)+...+[a+k-1Dd]+[a+&k+1-1)d]

- % [2a+ (k- 1)d] +[at (k+1-1)d]

= % [2a+ (k- 1)d] + [a+kd]
k [2a + kd — d] + 2 [a + kd]
2

2ak + k> d —kd + 2a + 2kd
2

2ak +2a+ k> d + kd
2

2a(k+1)+kd (k+1)
2

_ (k+1)(2a+kd)
- 2

= @[zsw(m—l)d]

Thus S (k+ 1) is true when S (k) is true.
Therefore condition 2 is satisfied.

Hence S (n) is true for every +ve integer.

Q.16 Use mathematical induction to prove that the following formula for every
positive integer n.

1.11+2.21+3.3!+....... n.n! = m+1)!-1.
Solution:

Let S (n) be the given statement, that is

S(n): 1.1'+2.21+3 .3+ ....... +nn! = (n+1) -1
Condition 1

When n = 1, S(n) becomes

S(l: 1.1 =1+ -1

1 =2!-1

1 =2-1

1 =1
= L.H.S. = RH.S.
Thus condition 1 is satisfied.

www.u\;stad360.com :



Punjab | 11th Maths | Ch #8

Condition 2

Let us assume that S (n) istrue for n = ke N, i.e.

Sk: 1.11+2.2!1+3.31+ .. k.kl = (k+1)!' -1 ..., (1)
Adding (k+ 1) (k+ 1)! on both sides of (1)

.11 +2.21+3 .31+ ... +k. K+ (k+ 1) (k+ 1)
=(kk+D!-1T+(k+1)k+1)
= (k+1)!+(k+1)(k+1)-1
= (k+ DI [1+k+1]-1
= (k+1)(k+2)—1
= (k+2)(k+ 1) —1
= (k+2)! 1

= (k+1+1)-1
Thus S (k+ 1) is true, when S (k) is true.
Therefore condition 2 is satistied. Since both conditions are satisfied.
Therefore, S (n) is true for every +ve integer.

Q.17 Use mathematical induction to prove that the following formula for every
positive integer n.

a, = a;+(n—-1)d when a;, a; +d, a;+2d,....... forms A.P.
Solution:
Let S (n) be the given statement, that is

S(n): a, =a;+(n-1)d
Condition 1
When n = 1, S (n) becomes
S(1): ag =a+(1-1)d
a; = a
= L.H.S. = RH.S.

Therefore condition 1 is satisfied.
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Condition 2

Let us suppose that S (n) istrue for n = ke N thatis

Sk): ag = a+(k-1d
Adding “d” on both sides

ak+d = ar+(k-1)d+d

ak+1 = a;+d[k-1+1]

aj+(k+1-1)d

ak-l

Punjab | 11th Maths | Ch #8

Thus S (k+ 1) is true when S (k) is true.

Therefore condition 2 is satisfied.

19

Since both conditions are satisfied. Therefore S (n) is true for every +ve integer.

Q.18 Use mathematical induction to prove that the following formula for every

positive integer n.
a, = a;r*!

Solution:

when a;, a,r, a r", ....... fromaG. P

Let S (n) be the given statement, that is

S(n): a, = ajr" '

Condition 1

When n = 1, then S (n) becomes
S(1): a; = a !
a; — 4

= LHS. = RHS.
Therefore condition 1 is satisfied.

Condition 2

Let us suppose that S (n) is true forn = ke N, ie.

S(k): ax = a !

Multiplying both sides by r

k-1
agxr = arr X T
» k—1+1
g+1 = arr
_ k+1-1
a— = ar
k+1 :
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Thus S (k+ 1) istrue when S (k) is true.

Therefore condition 2 is satisfied.

Since both conditions are true.

Therefore S (n) is true for every +ve integer.

Q.19 Use mathematical induction to prove that the following formula for every

positive integer n.

*+3+5+...+2n-1)} =

Solution:

ng4nz—11
3

Let S (n) be the given statement, that 1s

Sm): 1+3+5%+ .. +@n-1)7 =

Condition 1

When n = 1, S(n) becomes

RN N ))
S(): 17 ="73

1 =1
= L.H.S. = R.H.S.
Therefore condition 1 is satisfied.

Condition 2

n (4n2 —1)
3

Let us suppose that S (n) istrue forn = ke N, i.e.

k@K —1)

S(k): 17+3*+5 + . +@2k-1Y =—5—" ... (1)

2
Adding [2 (k+1)—1] on both sides

3

2
...... +(2k—1)2+[2(k+1)—l]2 = szkﬂf
k(2k—1)(2k+1)+(2k+1)2

3

k (2k — 1) (2k + 1) + 3 (2k + 1)

3

_ (2k+ D[k 2k -1)+32k+ 1]

3
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L k1) (2k—1) (k+3)
- 3

L 2k+ 1)K 6k -k 3)
- 3

2k +1)(2k+3)(k+1)
- 3

Ck+DJEk+ 1D k+3)]
- 3

o (k+ D[4k + 6k + 2k + 3]
- 3

(kD [4K’ +8k+4-1]
- 3

kD[4 +2k+ 1) 1]
- 3

NEDIEEE
B 3

Thus S (k+ 1) is true, when S (k) is true.
Therefore condition 2 is satisfied.

Since both the conditions are satisfied.
Therefore S (n) is true for every +ve integer.

Q.20 Use mathematical induction to prove that the following formula for every
positive integer n.  (Lahore Board 2010)

G55 e (P52 ) = (737

Solution:
Let S (n) be the given statement, therefore

son- (3 (3 )+ ) ("57)- (707

Condition 1
When n = 1, S(n) becomes
[3 ) B ( 1+3 )
3/ 4

1 =1
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o L.H.S. = R.H.S.
Therefore condition 1 is satisfied.
Condition 2

Let us suppose that S (n) istrue forn = ke N, i.e.

S(k):(;)+(;)+G)+,...+(k;2)=(kz?)) ......... (1)

_ k+2+1 : _
Adding ( 3 ) on both sides of (1) gives

GRG)G)en (55) (757 - (0 (9571)
SCHDRFR

rr—1r
— [k+]—3]
4

Therefore condition 2 is satisfied. Since both conditions are satisfied.

Thus S (k+ 1) is true when S (k) is true.

Therefore S (n) is true for every +ve integer.
Q.21 Use mathematical induction to prove that the following formula for every
positive integer n.  (Lahore Board 2011)
(i)  n®+n is divisible by 2
(i) 5" - 2" is divisible by 3
(iii) 5" -1 is divisible by 4
(iv) 8 x 10" -2 is divisible by 6
(v)  n’—n is divisible by 6
Solution:
(i)  n®+n is divisible by 2
Let S (n) be the given statement > that is
S (n); n*+n is divisible by 2
Condition 1
When n = 1, S (n) becomes

S(1): "+1=1+1=2
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Clearly 2 is divisible by 2
Therefore condition 1 is satisfied.
Condition 2

Let us suppose that S (n) istrue for n = ke N, i.e.

S (k): kX +k isdivisibleby2 ... (1)
We want to prove that S (k+ 1) is also divisible by 2
For n = k+1 S(n) becomes
S(k+1) = (k+1)*+(k+1)
K+ 1+2k+k+1
K +k+2k+2
K+k+2k+1)

(]c.2 + k) 1s divisible by 2 by expression (1) and 2 (k + 1) 1s also divisible by 2. Thus S(k+ 1) 1is

divisible by 2,

Therefore condition 2 is satisfied. Since both conditions are satisfied.

Therefore S (n) is divisible by 2 for all +ve integers.

(i) 5" —2" is divisible by 3 (Gujranawala Board, 2006)

Let S (n) be the given statement, i.e.

S (n): 5" —2" is divisible by 3
Condition 1

When n = 1; S (n) becomes

S(1); 5-2 = 3, clearly 3 1s divisible by 3
Therefore condition 1 is satisfied.
Condition 2

Let us suppose that S (n) is true for n = ke N, that is

S (k); 52" is divisible by 3 (1)
We want to prove that S (k + 1) is also divisible by 3
For n = k+1 S(n) becomes
S (k+1); 557k Fh = 5k 50k 9
= (3+2)5°-22"
— 3.5%42 5% 20k
= 3.5%+2(5-2

The first term is clearly divisible by 3. The 2™ term also divisible by 3 by (1). Thus the whole
term is divisible by 3. Therefore condition 2 is satisfied. Thus S (n) is divisible by every +ve

integer.
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(iiiy 5" -1 is divisible by 4

Let S (n) be the given statement, i.e.

S(n) = 5"~ 1 isdivisible by 4
Condition 1

When n = 1, then S (n) becomes

S(1)=5-1=4

Clearly 4 is divisible by 4. Therefore condition 1 is satisfied.
Condition 2

Let us suppose that S (n) istrue for n = ke N, ie

S(k) = 5~ 1 isdivisibleby 4 ... (1)
We want to prove that S (k + 1) is also divisible by 4
For n = k+1 S(n) becomes

S(k+1); 5*"'-1 =551

= @+1)5-1

= 4.55+(55-1)

The first term is clearly divisible by 4. The second term is also divisible by 4 by (1).

Thus S (k+ 1) is divisible by 4. Therefore condition 2 is satisfied.
Thus S (n) is divisible for all +ve integral values of n.
(iv) 8x 10" -2 is divisible by 6 (Lahore Board 2010)
Let S (n) be the given statement, that is
S (n); 8x 10" -2 is divisible by 6
Condition 1
When n = 1; S (n) becomes
S(1); 8x 10-2 = 80— 2= 78 clearly divisibly by 6
Condition 2

Let us suppose that S (n) is true for n = ke N that is
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S (k); 8x 10°—2 isdivisibleby 6  ......... (1)
We want to prove that S (k+ 1) is also divisible by 6.
For n = k+1 S(n) becomes
S(k+1): 8x10°7'—2 = 8x10°.10-2
8x 10,102
— 80x 10F-2
= (72+8) 10°-2
= 72x 105+ (8 x 108~ 2)

The first term is clearly divisible by 6. The second term is also divisible by 6 by (1).
Thus S (k+ 1) is divisible by 6. Therefore condition 2 is satisfied.
Hence S (n) is divisible by 6 for all +ve integers.
(v)  n’—n is divisible by 6
Let S (n) be the given statement, that is
S (n); n’ —n is divisible by 6
Condition 1
When n = 1, S(n) becomes
S(I) = 1-1 = 0 whichis divisible by 6. Therefore condition 1 is satisfied.
Condition 2
Let us suppose that S (n) istrue forn = ke N, i.e.
S(k) = kK'—k isdivisibleby 6  ......... (1)
We want to prove that S (k+ 1) is divisible by 6
For n = k+ 1 S(n) becomes

S(k+1) = (k+1) —(k+1)
k+1) [(k+1)"—1]

(k+ 1) [K*+2k+1-1]
(k + 1) (k> + 2k)
k+Dkk+2)
k(k+1)(k+2)

Since the product of three consecutive terms is divisible by 6. Thus S (k+ 1) is divisible by 6.
Therefore condition 2 is satisfied. Hence S (n) is divisible by 6 for all +ve integral values of n.
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Q.22 Use mathematical induction to prove that the following formula for every

positive integer n. (Lahore Board 2005)
1.1 1 L_lb Lﬂ
3 32 33 ------- 3[1. - 2 _3I.'I

Solution:

Let S (n) be the given statement, 1i.c.

1 1 1 1
S (n): +§z+§;+ ....... _n=§|il__n}

| =
d

Condition 1
When n = 1, S(n) becomes

ad | —
I

b | —

N

(a1

L

53 | —

= LH.S. = RH.S.

Therefore condition 1 is satisfied.
Condition 2

Let us suppose that S (n) istrue forn = ke N, ie.

1
Adding & on both sides of (1)

11 L1 :1[1_1}+1
4T T = |13 | 43

_ 1{3*—1ﬂ+ !
A
33 -1y+2(1]
= 2.3](*1
3k+l_3+2
T
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Thus S (k+1) istrue, when S (k) is true.
Therefore condition 2 is satisfied.

Since both conditions are satisfied. Therefore S (n) is true for every +ve integral values of n.

Q.23 Use mathematical induction to prove that the following formula for every

positive integer n.
, _ ED"nm+1)

P22 +3 4%+ ... +(=1D""".n

2
Solution:
Let S (n) be the given statement, that is
B 1 n-1 ] +1
Sy 12-22+3% 42+ . +(-1)" 1_112:( ) 2n(_n )

Condition 1

When n = 1, S(n) becomes

,  En'ias
S(1): 17 = 5

1 =1
Since L.H.S. = R.H.S.

Therefore condition 1 is satisfied.
Condition 2
Let us suppose that S (n) be true for n = ke N, i.e.

D)k (k+ 1
S (k); 13—22+33—43+_....‘+(—1)"‘1.18=( ) 2( L (1

k+1-1

Adding (- 1) (k+ 1)2 on both sides of equation (1)

22243 DT D) T k)P

k-1
_ D ;‘(“ D1y
CEDED TRk D F2 =D (k1)
- 2
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B (- DX(k+1)[-k+ 2k +2]

2

DN kD) (k+2)

2

CCD kD) (kT 41)
- 2

Thus S (k+ 1) istrueif S (k) is true.

Therefore condition 2 is satisfied.

Hence S (n) is true for all positive integer n.

Q.24 Use mathematical induction to prove that the following formula for every
positive integer n.
P+3+5+...+2n-1)7° = n*[2n*-1]

Solution:

Let S (n) be the given statement, that is

Smy: °+3+5+ ...+@n-1)'=n

Condition 1

—

When n = 1, S (n) becomes
S(1): 1°=1[2-1]

1 =1

L.H.S. = RH.S.

Therefore condition 1 is satisfied.

Condition 2

Let us suppose that S (n) is true for n =

2[2n° — 1]

ke N thatis

P+3+8+. . +02k-1) = ¥ -1]

3
Adding [2 (k+1)— 1]  on both sides

P+33+5+

........ +(2k—l)3+[2(k+1)—1]3

= KK - 1]+ [2k+ 17

= K2+ 8K+ 1 + 12K + 6k

= 2P+ 8K + 11K + 6k + 1

= 2k* + 2k + 6K% + 6k% + SK* + Sk + k + 1
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= A (k+ 1)+ 65 (k+ 1) +Sk(k+ 1)+ 1(k+1)

= (k+1) [2K° + 6K + 5k + 1]
= (k+ 1) [2K° +2K* + 4K* + 4k + k + 1]

|
= (k+ 1) [2K° (k+ 1) + 4k (k+ 1) + (k + 1)]
= (k+1)(k+ 1) (2k> + 4k + 1)
= (k+ 1) QK> +4k+2-1)
= k+1D) 205 +2k+1) 1]

= (1) 2 (1) 1]
Thus S (k+ 1) is true when S (k) is true.
Therefore condition 2 is satisfied.
Hence S (n) is true for every positive integer.

Q.25 Use mathematical induction to prove that the following formula for every
positive integer n.

(x + 1) is a factor of x*"—1
Solution:
Let S (n) be the given statement, that is
S(n) = x+1 isa factor of X" 1
Condition 1
When n = 1, S(n) becomes
S()y=x"-1=(x+1)(x-1
Clearly x + 1 is a factor of x> — 1.
Therefore condition 1 is satisfied.
Condition 2
Let us suppose that S (n) 1strue for n = ke N, 1.e.
S (k); x+ 1 1s a factor of K21 (1)
We want to prove that S (k+ 1) has a factor x +1
S(k+1); x> D _q = T2 = g
Adding & subtracting x*. 1
= X -1+xA.1-1.1
= XD +r1 -1
= X EFIDFIE-DE+])

The first term has a factor x + 1 by assumption 1 & 2™ term clearly has a factor x + 1. Thus the
whole term has a factor x + 1. Thus S (k + 1) has a factor x + 1. Therefore condition 2 is
satisfied. Thus S (n) is true for all +ve integral values of n.
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Q.26 Use mathematical induction to prove that the following formula for every
positive integer n.

(x —y) is a factor of x" —y"
Solution:
Let S (n) be the given statement, that is
S(n) = x—vy isa factor of x" —y"
Condition 1
When n = 1, S(n) becomes
S(1) = x—vy isa factor of x" —y".
Therefore condition 1 1s satistied.
Condition 2
Let us suppose that S (n) 1strue for n = ke N 1Le.
S (k); x —y is a factor of xk—yk e (D)
We want to prove that S (k+ 1) has a factor x —y.
S (k+1; X<yt
X x—y*y
Subtracting & adding x yk = x"x—x yk + X yk - yk y =X (xk - yk} + yk (x—vy)
The first term has a factor x —y by substitution (1).

The 2™ term clearly has a factor x —y. Thus S (k + 1) has a factor x — y. Therefore condition 2
1s satisfied. Hence S (n) is true for all +ve integers.

Q.27 Use mathematical induction to prove that the following formula for every
positive integer n.

X +y is a factor of x>~ '+y™" !,

Solution:

Let S (n) be the given statement, i.e.

S (n); x+y isa factorof x*" ' +y*" !
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Condition 1

When n = 1, S (n) becomes
S (1) x +y isa factor of x2_1+y2_' = x +y (True)
Thus condition 1 is satisfied.

Let us suppose that S (n) is true for n = ke N i.e.

S (k); x +y is a factor of x ! +y2k_1 ......... (1)
We want to prove that S (k+ 1) has a factor x+y
S(k+1); X2(k-1}—|+y2{k|1)-1 _ xzk-z_|+y2k-2_1
_o2k-1.2 2k-1_2
= X Xty y

Adding X ka_l & subtracting

_ 2 _ 2 _ -
_ x2k lx2+x'y2k l_xby2k 1+yzk ly2

2, 2%k-1, k-1 k-1,2 2
= XX ty -y (X -y)

The first term has a factor x + y by (1). The second term clearly has a factor x +y. Thus

S (k+ 1) has a factor x +y. Therefore condition 2 is satisfied. Therefore S (n) is true for all +ve

integer n.

Q.28 Use mathematical induction to show that
1+2+2%+...... +2" = 2""'_1 for all non—negative integers n.
Solution:
Let S (n) be the statement, 1.e.
S(n): 1+2+2%+. ... +2"=2""1_
Condition 1
When n = 0, S (n) becomes
S@O: 1=2"-"1=2-1=1
= L.H.S. = R.H.S.
Theretore condition 1 is satisfied.
Condition 2
Let us suppose that S (n) is true forn = ke N, i.e.

S(k): 1+2+2%+ . 25=028"4 . (1)
Adding 251 on both sides
1+2+2%+ ... + 2Kkl o okl ok
— 22k+1_1
— 2m*l_1

Therefore condition 2 is satisfied.
Thus S (k+1) is true when S (k) is true.
Hence S (n) is true for all non — negative integer n.
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Q.29 If A and B are two matrices and A B = B A, then show by mathematical
induction that AB" = B"A for any positive integers.

Solution:
Let S (n) the given statement, i.e.
S(n): A.B" = B" A for any +ve integer.
Condition 1
When n = 1; S (n) becomes
S(1): AB=BA
AB = AB (Given)
L.H.S. = RHS.
Therefore condition 1 is satisfied.
Condition 2
Let S(n) betrue for n = ke N, thatis S(k): AB=B.A ... (1)
We want to prove that S (k + 1) is also true for that post multiply by B, we have
AB“B = B“AB
AB*"! = B*BA (Given AB = BA)

ABFTT < BRI A
Thus S (k+1) is true, when S (k) is true. Therefore condition 2 is satisfied.
Hence S (n) is true for any +ve integer.

Q.30 Prove that by principle of mathematical induction that n’—1 is divisible by
8 when n is an odd positive integer.

Solution:
Let S (n) be the given statement i.e.
S (n) ; n’ — 1 is divisible by 8.
Condition 1
When n = 1, we have
S(1) = 1’-1 = 1-1 = 0 that is divisible by 8.
Therefore condition 1 is satisfied.

S(k); k* — lisdivisible by 8. ... (1)
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We want to prove that S(k + ) is also true.
Stk+1) ; (k+1) -1
S(k+2)=(k+1+1)Y-1=(k+2 -1 =K +4k+4-1
= K+4k+4-1=K-D+4k+1) ... (2)

Clearly (k' — 1) is divisible by 8 by (1). As is odd +ve integer, so k + | is an even integer.
Hence k + 1 = 2m (say) where m € z". Therefore (2) become (k> — 1) + 4(2m).

= (k= 1)+ 8m

Therefore now 8m is also clearly divisible by 8. Thus S(k + 2) is true when S(k) is true.
Therefore condition (2) is satisfied. Hence S(n) is true.

Q.31 Use mathematical induction to prove that Inx" = n/nx , for any integer n > 0,
if x is +ve number.

Solution:

Let S(n) be the given statement that is S(n) ; /nx" = nlnx
Condition 1:

When, n =0 S(n) becomes

S(0) ; mx" = 0/nx

Inl = 0./nx
0 =0=LHS =RHS

Therefore condition 1 is satisfied for n > 0.
Condition 2:

Let the given statement S (n) be true for n = ke N i.c.

S(k); Inx* =klnx ... (1)
Adding In x on both sides

Inx“+Inx = klnx +Inx

Inx“x = (k+1)Inx

Inxk*1 = (k+1)Inx
Thus S (k + 1) 1s true when S (k) is true.
Therefore condition 2 is satisfied.

Since both conditions are satisfied. Therefore S (n) is true for any integer n = 0.
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Q.32 Use the principle of extended mathematical induction to prove that
n! >2"—1 for integral values of n 2 4.

Solution:
Let S (n) be the given statement, that is
S (n): n!>2"-1 forintegral values of n > 4.
Condition 1
When n = 4, S (n) becomes
S (4): 41>2"—1
24>16-1
24 > 15 which is true.
Therefore condition 1 is satisfied for n = 4.
Condition 2
Let us suppose that S (n) is true for n = k
S(k): k!'= 21 for integral valuesof k=4 ... (1)
Now multiplying throughout by k + 1
(k+1)k!>(k+1)@2"-1)
(k+1)! > (k—1+2)2"-1)
> k- -D+202"-1)
> k- -1+2571 -2

> 21+ [k-D@-1-1]

= (k+1)! > 2Kk+1 + As [(k—1) (2"~ 1)—1] is +ve so ignore it.
Thus S (k+ 1) is true, when S (k) is true.
Therefore condition 2 is satisfied. Hence S (n) is true for all the integral values of n > 4.
Q.33 n’ > n+3, for integral values of n = 3. (Gujranawala Board, 2003)
Solution:

Let S (n) be the given statement, that is

S (n); n’>n+3 for integral values of n > 3.
Condition 1

When n = 3, S(n) becomes

S(3): 3*>3+3

9 > 6 which is true. Therefore condition 1 is satisfied for n = 3.
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Condition 2

Let us suppose that S (n) is true for n = k

S (k); k> >k +3 forintegral valuesof k>3 ... (1)
Adding 2k + 1, throughout

K> +2k+1>k+3+2k+1

(k+1)>>k+1+3+(2k)

2
(k+ ]) >k+1+3 (~+ As 2k is +ve, soignore it)

Thus S (k+ 1) is true, when S (k) is true.
Therefore condition 2 is satisfied. Therefore S (n) 1s true for n > 3.

Q.34 4">3"+2""' for integral values of n>2.  (Lahore Board, 2003)
Solution:
Let S (n) be the given statement, that is

S(n): 4">3"+2""', forintegral values of n=> 2.
Condition 1

When n = 2 then S (n) becomes

S(2): 42>3 42"

16>9+2

16 > 11 which is true, therefore condition 1 is true for n > 2.
Condition 2

Let us suppose that S (n) istrue for n = k

S (k); 4“>3%+2""" forintegral values of k>2 ... ()
Multiplying throughout by 4
44% > 43K 4 40K
47> 3413+
- 3k+1+3k+2k+l—l+2k—1+1

= 3k+1+2k+l ]+(3k+2k I+1)I

gkl 5 gk+ 1y gkrl-l (- As 3%+ 2" is +ve so ignore if)
Thus S (k+ 1) is true, when S (k) is true. Therefore condition 2 is satisfied.

Hence S (n) is true for the integral values of n = 2.
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Q.35 3" < n! for integral values of n> 6.
Solution:

Let S (n) be the given statement, that is

S (n): 3" < n! for integral values of n>6
Condition 1

When n=7, S (n) becomes

S(7): 37 <7

2187 <5040 which i1s true. Condition is satisfied.
Condition 2

Let us suppose that S (n) is true for n = k

S (k); ¥ <k! for integral valuesof k=6 ... (1)
Multiplying throughout by (k + 1)

(k+1)3*<(k+1)k!

(k—2+3)3 < (k+1)

(k—2) 3%+ 3" T <k + 1)

BE <(k+1)! (v As (k-2) 3 is +ve, so ignore it)
Thus S (k+1) istrue, when S (k) is true. Therefore condition 2 is satisfied.
Since both conditions are satisfied.
Therefore, S (n) is true for integral values of n> 6.
Q.36 n!>n’ for integral values of n 2 4.
Solution:

Let S (n) be the given statement, that 1s

S (n); n!> n’ for integral values of n =4
Condition 1

When n=4, S (n) becomes

S (4); 41> 47

24 > 16 which is true. Therefore condition 1 is satisfied for n > 4.
Condition 2

Let us suppose that S (n) is true for n =k.

S (k); k! >k’ forintegral valuesof k>4 ... (1)
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Multiplying throughout by k + 1
k+1Dk!>k+ 1)K
k+ 1) >k +K
k+ 1>k +2k+1+ @K -2k-1)

(k+1)!3=(k+1)2 (~+ As k' =2k~ 1 is +ve so ignore it)
Thus S (k+ 1) 1s true, when S (k) is true.
Therefore condition 2 is satisfied. Hence S (n) is true for integral values of n > 4.
Q37 3+5+7+....... +(2n+5) = (n+2)(n+4) for integral values of n2—1.
Solution:
Let S (n) be the given statement, that is
S(n) 3+5+7+....... +(2n+5) = (n+2)(n+4), forintegral values of n=— 1|

Condition 1

When n = — 1, S (n) becomes
SEI1);3=(-1+2)(-1+4)
3=3

= L.H.S. = R.H.S. Therefore condition 1 is satisfied for n > —1.

Condition 2

Let us suppose that statement is true for n=k.

3+5+7+....... +(2k+5) = (k+2)(k+4) ......... (1)
Adding (2 (k+ 1)+ 5) on both sides
3+5+T7+ ... 2k +35)2k+7) = (k+2)(k+4)+ 2k +7)

K+ 4k+2k+8+2k+7

K+ 8k + 15

K>+ 5k + 3k + 15
(k+5) (k+3)

(k+1+4)(k+1+2)
Condition 2 is satisfied. Thus S (k + 1) is true when S (k) is true.

Hence S (n) is true for integral values of n>— 1.
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Q38 1+nx<(1+x)" for n22 & x>-1
Solution:

Let S (n) be the given statement, i.e.

S(n): 1+nx<(l+x)" forn=2 & x>—1
Condition 1

When n = 2, S(n) becomes

S(2); 1+2x<(1+x)

1 +2x< 1+x°+ 2x, which 1s true.

Therefore condition 1 is satisfied for n>2 and x>-1.

Condition 2
Let us suppose that S (n) is true for n = k
S(k); 1 +kx<(1+x)* for k=2 and x>-1 ... (1)

Multiplying throughout by (1 + x)
(1+kx) (1 +x)<(1+x)"(1+x)
l+x+kx+kx*< (1 +x)F"!

l+(k+Dx+k<(1+x)"!

—

I+(k+1)x < 0+x) k"1 (- kx* is +ve, soignore it)

Thus S (k+ 1) is true when S (k) is true.
Therefore condition 2 is satisfied.

Therefore S (n) istrue forall n=2 and x> 1.
BINOMIAL THEOREM (Definition Lahore Board 2010)

An algebraic expression consisting of two terms such as a + x, x — 2y, ax +b etc. is

called a binomial or binomial expression.
We know that (a + x}2 = g+ 2ax + x°

The R.H.S. is called binomial expansion and 2 is called index.
FORMULA OF BINOMIAL THEOREM (Lahore Board 2009-11)

(a+x) = (g)au-l-(?)an lx-f-(;)an 2+ +(rf]]an !
n

it can briefly written as

n

(a+x)" = Z (?)an_rxr

r=10

www.u\;stad360.com :



NOTE:
(i)

(ii)

(iii)
(iv)

V)

(vi)

Punjab | 11th Maths | Ch #8

The rule or formula of a binomial for expansion raised to any positive integral power n.
It is finite series.
Number of terms in the expansion of (a+ x)" is n+ 1.

[3 ), (T ), (g j, ....... , (E j are called binomial coefficients.
[3 ), (; ), (: ) ....... ( E ) are called even binomial coefficients.
[T ), (g ), (2 ), ....... (n? I ) are called odd binomial coefficients.
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SUM OF BIN BINOMIAL COEFFICIENTS

G ()G (3) =2

SUM OF EVEN BINOMIAL COEFFICIENTS

(M) (D) (D) ()= 22

SUM OF ODD BINOMIAL COEFFICIENTS

() () ()i, = 2

Sum of even binomial coefficients = Sum of odd binomial coefficients.

EXERCISE 8.2

Q.1  Using binomial theorem, expand the following:

@ (a+2b)° (ii) G —X% T

(iii) [3a - %)4 (iv) [ 2a-7 )T

o (3] o [
Solution:

(i) (a+2by

5 5 5 5 5 5
(5t (Dt (3w () m (3o awt(3) v
a> + 5a% (2b) + 10a° (4b%) + 10a” (8b%) + 5a (16b%) + 32b°
a>+10a'b+40a°b*+80a° b’ +80ab’ +32b°
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_x" 3515 20 60 96 64
ty -3t st m
X X X X

X
(iii) (33 ~3a
1

(§ ) Ge)-(Dew (35) +(3)owr (3

I.AJ|><
—
f—‘\
\-.__/
—
L.~J
-....,r_p
el
TN
w
&
\.,_____/

2 3

=

_ 4 3 X 7 X X X X
= 8la —4x27a x3a+6>< 9a X@x_jga — 4 x 3a><ﬁ2?a +—4P8]a
3 4
- 4 108 2 2 4x X
= 8la ——3 X + 6X —9—3 W
4 X
= Sla —36ax+6x -+ -3
9a~ B8la

(iv) (23 - ﬂ
| 2 3

~(o)ewm(Dewr (3) (3 Jaar () (3 Jew(})

(Do () -(Daw(2) +(Dewt (37 - (2)

2 3
= 128a -7(64a")[ ]+21x32a - 35(16a)[ )

+3583(X4) 2143()‘—5) 7 (2 (X—() X
&) 2 |- 21y s [ 7 a6 )3

: 280 x" 84x° 14x° X’
= 128a’ ~448 xa +672a° X"~ 560 ax’ + ax — 33}( + a? _E-,r
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7 6 5 3
X X y X 8y
% T8 a4yt (?J_S(’(:«;ﬂ)(?j
2

Y
4 4 3 5 2 6 7 8
X 16 X 32 X~ 64 x 128y 256y
+ —3 - =L 4 —%_ - +
T'FU'(I':'W )( X ) 56(28?5)( X SEX o 8X23’: X’ X'
7X 224y 448y* 512y° 256y
256)1E 16y" 14? 70- X" + T T
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Q.2  Calculate the following by means of binomial theorem.

(i) 0.97)° (Lahore Board 2010)
)  (2.02)° (Lahore Board 2011)
(i)  (9.98)
(iv) (2.9’

Solution:

@  (0.97)° = (1-0.03)°

= (3 )(1)3 —(? )(1)2 (.03)' +G )(1)‘ (.03)2—(2 )(1)0 (.03)°

= 1-0.09+0.0027 - 0.000027
= 09127

(i)  (2.02)* = 2 +0.02)*

( 3 ){2)4 + (T )(2)3 (02)"' + (; j(z)2 (.02)" + (g )(2)' (.02)° + [j )(2)” (.02)*
16+ 4 (8) (.02) + 6 (4) (0.0004) + 4 (2) (0.000008) + 0.00000016
16.64 + 0.0096 + 0.000064
= 16.64
(iii)  (9.98)" = (10-0.02)*

= (3 )(m)‘* (.02)" _(? ](10)3 (02)' + (‘21 )(lcn.2 (.02)* _@ )(10)‘ (.02)> + [j )(m)@ (.02)*
10000 — 80 + 600 (0.0004) — 40 (0.000008) + 0.00000016

= 9920.24
(iv) (2.9)° = 3-0.1)°

- (3 )(3)5 —(? )(3)4 (.01)+ @ )(3}3 (.01)> —G)(sf (.01)° +[i )(3)1 (01)* -

(3)or

=243 ~4.05 + 10 (27) (0.0001) — 10 (9) (0.000001) + 15 (0.00000001) — 0.0000000001
=~ 243+5x 81 -0.01 +10x 8x 0.0001
= 205.2
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Q.3  Expand and simplify the following:
@ (a+2x)'+(a-2%)*
i) (2+3)0°+(2-3)
(i) @Q+i-@2-i)
(iv) (x+\/?71)3+(x—\/?—_1)3

Solution:

@ (a+\2x)'+(a-"2x)*
(o )a+ (D)@t @z + (3 ) 6zt + (3 Jawz o' +(§ ) 2!

(a+\,"§x)4 = a4+433\ﬁx+6az(\f3x)2+4a(\ﬁx)3+(\ﬁ x)4 ,,,,,,,,, (1)
a—2x)" = a'—4a’\2x+ 6" (2% —4a (2% + 2% L (i)
By adding (i) and (ii)

(@a+\2%'+(@-\2%" = 22"+ 122° (20 + 2 (2 x)°
2a* + 12a% (2x%) + 2 (4xY)

= 2a* + 24a%* + 8x*
(i) (2+\3)+(@2-3)
By = (o)) +(] ) e +(3 )er e+ (3 )t oy
(3)oam (2o ey

324 5% 163+ 10x 8 (\/3)* + 10x 4 ({31 + 52) (3 + (\3)°
32+804/3+80 (3)" +40 (\/3)" + 10 \3)" + (4/3)’
32-80+/3 +80 (1/3)" — 40 (+/3)° + 10 (\/3)" - (/3)’

(-3
Adding
(2+3) +(2-4/3)° = 64+480 + 180 = 724
(i) Q+iy-@2-i)’
. 5 5 e 2. (5 :
e+iv=(; ){2)5 +[ 1 )(2)“ (1){2 )(2)3 0’ +(3 )(2)2 (i)’

(3o (3 oo
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32+5x 16()+10x 8x (i)* +10x 4 (i)’ +5x 2 (i))* +1°
32 + 80i + 80i° + 40i° + 10i* +1°

32 — 80i + 80i° — 40i° + 10i* —i°
-+ - + +

2-iy

Subtracting
@+iy~@2-i) = 160i + 80’ +2i’
= 1601 - 801+ 2i = 82i

(v) (x+ 1) +(x=¥-1)
First we take (x+\/ﬁ) )3
- (oo (R (3 ot (D (3 o ()’
(x+\]ﬁ)3 = x3+3x2\/ﬁ+3x(x2—1)+(\/ﬁ)3
(x—\/}?—_l)3 =x3—3x2'\/;2—_1+3x(x2—1)—(\f?—_1)3

Adding

(x+4o1) +(x——1)

2%’ + 6% (x2 -1)

= 2):3 + 6){3—6)(

= 8x’ —6x
Q.4 Expand the following in ascending power of x
i Q+x-x)* i) (1-x+x)*
dii) (1-x-x}°
Solution:
i Qe+x-x)
Let 2+x =y

(y-x)" = (3 )(y)“ (xz)”—(? )(y% (x)" + (;‘ )(yz) (xzf—(; )(y} (x%) + (f; ](y)" )’

= y4—4y3x2+6y2x4—4yx6+x8

Putting value y = 2 +x again
C+x)' - 42+x’ P +62+x) x -4+ x*+x°

- 13 +(Dero+(3)erw+(3)e' @+ ) w* |

A8+ 6 12X] X+ 6 (4 + X+ 4x) X — (8 +4x) x° + X

16 + 32x — 8x° —40x” + x* + 20x° — 2x% — 4x” +x°
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i) (A-x+x)*

Let 1-x =y
(o )y (7 )y +(5 )y e+ (5 )yedr+ (5 )y o'

= y4+4y3 }-:2+453!2x'}‘+43,f)s’.‘€’-+x8
Putting value of y

= (1-x"+40-x’x+6(1-x"x"+4(1-x)x"+x*

()t e-(T)ar e+ (3)arer-(3 )t e+ (5 )ay e |

FA - =336 (1 +x =20 x +4 (x°—x) + X
—dx+6x°—4x +x 44 — 123 +12x — 4’ + ox — 12 + 10x° — 4xT +
= 1 —dx + 10x°—16x° + 19x" —4x” + 10x° —4x” + x*
Gii)) (1-x-x)*
Let 1-x =y

(3 )y“'—(‘f](yﬁ x2+(3 )(yf (xzf—(;‘ ]y(xzf +(j ]y“’ (!

= j,r4—43,z3:r;2Jrl[)yz}(4—4:{(’y+x8

(y+x)

(y-x)'

Putting value of y

= (1-x"-4(1-xx+6(1-x"x" -4 (1 -x) +x°

[(3)(1)“—(‘1‘ )(1)3 (x)+(§}(1)2 (x)z—@ ]{U(xf +[i )(1)” (x)“]

A X 3x 361X 20)x 4 x)+xE
= 1 —Ax+6x -4 X AT (1=3x + 3 —x )+ 6xT — 12x° + 6x° —4x® + ax” + x

= ]—41':+2x2+81«:3—5%4—83(5+2x‘r"+4:r:?+x3

8

Q.5 Expand the following in descending power of x

3
o &+x-1° (i) (x—l—ij
Solution:
i +x-1)’

Let x-1 =y = (x2+y}3

(5 )+ (T e+ (3 Jed (3 oy o

(:lv;2 + y)3 = x'f' + 3x4 y +3x2 yz + y3

www.u\;stad360.com :
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Putting value of y

()

x+x-17 = X*+3x* x-D+3x x- D+ x- 1)’
x6+3x5—3x4+3x2(x2+1—2x)+x3—]—3x2+3x
K3 3t e e ek -1 -3+ 3x
= xX+3° -5 +3x— 1

Putting value of v

1 3x—17 3(x-1) 1
(-1-1) = orp 2esl 3ean g

3 2 3.2 1 1
X" —1-3x"+3x - (x +]—2x)+;§(3x—3)—;§

3 1
= x-3+5-"7 - 3
XX X

GENERAL TERM OF EXPANSION (a +x)"

ny ,_
Tre1 = (r)an X

Q.6  Find the term involving:
(i)  x* in the expansion of (3 — 2x)’ (Lahore Board 2008)
13
(ii) X in the expansion of ( X- 2 )
2' 9
(iii) a* in the expansion of (; - a) (Lahore Board 2004)
(iv) vy’ in the expansion of (x - \/;,)"
Solution:
(i) x* in the expansion of (3 - 2x)’

We know that general term formula is

T .. = n a11—rxr
r+1 r
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Since n = 7, a = 3, x = (-2x)
7\ 7
Ty = (r)fﬁ (= 2x)"

Troq = (3)3“{—2;’5{' ......... (1)

. . 4 .
We have to find term involving x°, so comparing the powers of x, we have r

Putting r = 4 in (1)
(7) 374 (_2)4 &
4

= 35x 27 x 16x"
Tse = 15120 x*

Tas

13
2
(ii) x* in the expansion of (x - ;z')

We know that general term formula

n
Trfl — (rjan rxr

'4
i
Il
P
S
S
—
»
L —
o
i
0
|
><N|M
e

(13]){13 “r-2r oy

I

= (lr?’)x”‘“(—z)* ......... (1)
We have to find term involving X~ s0 comparing the power of x in (1)
13-3r=-2
13+2 = 3r
1S = 3r
G
Putin (1)

13 -
Tsaq = ( ; )KB 36) (L 9yS

Te = 1287x x °x —32 = —41184x °
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(iii)

We have to find term involving ad, so comparing the powers of a, we get

(iv)
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9
a' in the expansion of (; - a)

We know that general term formula

n —
T = (rjan T ol

n=9,a=%,x=(—a)
CORE
_ (?)(%jg_r(_l)ra’ ......... (1)

T = (3 B) cvie

2° 32
(126)x 5 1 x at = 126x?a4

4
a
T5 = 4032 ;5

y' in the expansion of (x —\Er)”
a=x,x:(—\f§r],nzll

We know that general term formula

We have to find term involving y3, so comparing the powers of y we get

Te1 = (l:jaﬂ_r X'
T = (L)@ Ty

11 ,
= ( h )x“"(_l)’y“z ......... (1)

=3 = r=6 Putin(l)

11 - h 62
Te. | = [ p )x” 6 1)° 0
Ty = 462 x 1 xy’
T =462x5y3

b |~

49
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Q.7 Find the coefficient of
10

3
(i) x> in the expansion of (xz _ﬂ]
In

(ii) x" in the expansion of (Xz _;)

Solution:
10

3
(i) X in the expansion of (Xz - ﬂ)

We know that general term formula

n -
Ty = (B

10 o 3
- (e (-

Il
Y
" S
S
—

P
pL—

a2

=

]
a2

s
e

|
[ES RN
S~
=

=

(Lahore Board 2003-04)

we have to find the coefficient of xs, so comparing the powers of x, we get

20-3r = 5
15 =3 =
Put in (1)
Tseq = (lo)xm—]s(—g)s
5 2
Te = 252 % X x _32:3 = _]583093(5
— 15309

Coefficient of xs is 3
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In
1
(ii) x" in the expansion of (xz — ;)

We know that general term formula is

Tpy = (njan i
r
2 1Y
_ n 2.2n-r 1
T = (rj(x} (_x)

X
2 _
= ( rnjxéln 3r (_ l)r '''''''' (])
we have to find the coefficient of x", so comparing the powers of x, we get
4n—-3r = n
4n—n = 3r
3n = 3r
n=r
Putin (1)
2n 4n—13 thl'
Tos1 = ( n )" e = e X W
2n)!
— i!_nnll xn - ])n
—~1)" (2n)!
Coefficient of x" is Q’gﬁ
(n!)
3

Q.8  Find 6™ term in the expansion of (xz

Solution:

2

-3
a=x, Xx=5-, n=10, r=235

We know by general term formula

n s
Ty = (rjan T T

e (0o (52

—243
32 x°

Te = 252 x x'"x

~ 15309
- o X

To = —3¢

T2x

r

51
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Q.9  Find the term independent of x in the following expansions.

10
2
(i) (x - ;) (Gujranwala Board 2003, Lahore Board 2008)

10

w (5o

4
i) (1 +xH° [1 + %)

Solution:
. ( z)m
o (x-%
-2
a=%x, x="— n=10, r=7?
X

We know that general term formula is

T = (n)an .
r
(2]
= X
T X
_ [10) 1o (=2)
= X T
r X
10 10—r—r r
(e

(lrﬂ]x“"”(—z)‘ ......... (1)

We have to find the term independent of x i.e., x” so comparing the powers of x, we have

10-2r =0

10=2r = Put in (1)

10 _
T = [ s )xw 20) (L)’

Te = 252xx° "% (-32) = — 8064 x" = — 8064

Equating Index of x to 0 to get expression independent of x
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(i) (\/?Hﬁ)w

a=\f§, X =57, n=10, r=2

We know that general term formula

(2)ex
(1:.}) (\,)—()]Dr (ﬁ’j
_ (mjx“;" 1

T 2 x

_ ( 'rﬂj e [zij ........ (1)

We have to find independent of x 1.e., x” so comparing the powers of ‘x’, we get

Trt

10-r

3 -2r =20

10—r—4r =0

10-5r =0

10 = 5r

2 =r Putin(l)

10 12225 2)(1

o = (5 ]"‘ ’ (?)
_ 4-4 l)_ﬁ o_ 4
= 45x (4 =3 X =73

4
(i) (1+xH)° (1 +%]

I
el
_—
[a—y
+
s
3
o
1
—_—
-
o
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2,7 2
Now (1 +x7), wehave a=1,x=x",n="71=7

We know that general term formula is

- (D)o - (7)ot
TN 2 .
= ( c )x equation (1) becomes
_ 1 ( 7 ) 2r
— XB ¢ X
_ E 2r—8
= [r jx ......... (2)

We have to find term independent of x.
i.e., x" so, comparing the powers of x.
2r-8 =10

2r = 8 = r = 4 putin (2).

[7) S5 71 0
4% T sk 74’

7!
TEY
Tx6x 5% 4!
T Mx3x2xl P
MIDDLE TERM
th
(1 If n is even then (g + 1 ) term will be only one middle term.

. ‘ n+1 th 03 th » ‘
(2) If n is odd then 5 and T3 ) terms will be the two middle terms.

Q.10 Determine the middle term in the following expansions.

‘ 1 X_)_ 12 ) 3 1 11
() (x 2 ) (i) (2 X- Sx]
1 2m+1
(iii) [23 - ﬂ)
Solution:

() G ~ X;)u
th

) . n .
Since n = 12 18 even so (§+ 1) term 1.e.,

www.u§tad360.com :
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th
[?Jr l) term = 7" term is the middle term

2
Thusr=6.Alsoa=l, x=(—xj,n=12
X 2

We know that the general formula is

n n—r_r
Ti+1 = (r)a X

121V (=22
Terr =16 )\ x 2

_ 1 x~
- 9245 6
T =2l3—]x6
) 3 1 11
(ii) Ex—g
th
11+1 11+
Since n = 11 is odd so ( 3 ) 1ermand[ 3 3

be the two middle terms.

o (1)
= (550 (-5
462 x ijﬁ %;

64

— 462 x 3x - 693x

Te

= 462 x x — 1

64 32
T1'+]. = (?)an—rxr
11-6 6

o = (6 )(5x) (50)

3x) 1
0 Gx)°

term i.e., 6™ & 7" terms will
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(3x)
T = 462 77
67 32x3x  16x
693 77
Hence two middle terms are — X and
32 16x

1 2m+1
(iiii) (2x—£]

As 2m + | 1is odd, so there are two middle terms i.e.,
are two middle terms.
m+ D™ and (m+2)" terms

For (m+ l)rh term

1
r=m,n=2m+],a=2x,x=(——j

2x
~ m! [ETI 1])_Im]z @)" N "
ST

Twet = 2 2m* DL
m

m! (m+ 1)~
For {m+2)Lh term
r=m+2-1=m+1

n=2m+1, a=2x, x

n _
Tr—l — Zln rxr
T
m+1

- (e ()

(2m + 1)! AEE A

I
|

%=

N—

[2m+l+lj [Zm+l+3
= Jand | — = —

2

2m+ 1! D™

S mr D Em+ 1 -—m- D]l P g

Cm+ 1) (- )™*!
m!(m+1)!2x

Tm+2 -

Tm+1 and T+ are two middle terms.

T (m+ DI(m)! 2x)™ "

www.u§tad360.com
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3n
1
Q.11 Find (2n+ 1)™ term from the end in the expansion of (x — E]
Solution:
To find (2n + l)”l terms, we have r = 2n
And for the term from the end, we have
a= -5 and x = x
By general term formula
n n—r_r
Triq = (1_ )a X
in—2n
3n 1
Ton+1 = (an(_ﬁ) (x)zn
o [—_1 ] ™
T 2n!GBn-2n) L2x ) ¥
I 8 ) i
(2n)! n! 2" " ¥
_ 3n! (_ l)n 2n—n
2n! n! 2"
Gl (=D X"
2n! n! 2n
1.3.5.... 2n—1
Q.12 Show that middle term of (1 +x)™" is o ( ) 2" x"
Solution:
. 21‘1 " b . . th
As 2n iseven so 5 I | termis the middle termi.e., (n+ 1) term r = n
General term formula is
_(n n—r_r
Tl'_ | — (r) a X
2n n—n n
Tos1 = (1‘1 )(1)2 X
h (2n)! () K" = (2n)! &
n! [2n —n]! n! n!
C  @Cn)@En-1)2n-2)2n-3)(2n-4).......5x4x3x2x1 ,
B n!n! X

www.u\;stad360.com
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_ [@n)(2n-2)(2n-4)....4x2][2n-1) 20 -3) 2n—35) ... 5x 3x 1]x"

n! n!

_ "M n-1)n-2)...n-2)..x2x 1][(2n—1)(2n—3)...5x 3 x 1] x"

n! n!

2"n! [2n—1)(2n—3) ....5x 3x 1]x"
n! n!

2"[1x3x5x....(2n-3) (2n—1)] x"
Toser = n!
(m n n n _an-d
Q.13 Showthat.(lj+(3}+[sj+ ..... +(n—1j =2
Solution:
We know that

o= (1 (e (B (P e (B o

Put x = 1 in equation (1)

drr = ()21 (2)
2= () 1) (e

Nextput x = — 1 in equation (1)

a0 = ()T )en (G ente (3 Jew e (G2 Jer (3

)
if n is even then
() (0 e e (D)

0= (6)-(1)+(3)
(0 )G () ()= (1) (e (S )r v (G2 ) 0
GGG ) @
5)

We can write (2) as.
1O
1

=1 (6)-(3):
1

Using (3) 1n (4)

2 =11 )+(5)+(5
2 2%(1) (3)+( -
5= (D (G)+(5)+- +(n_11
= (DGl ) =2
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n) 1/n) 1/n) 1(n 1 (n 2"
Q.14 Sh“"”h‘“(0]+2(1)+3(2)+4(3]+ """ +n+1[nj: n+1
Solution:
n 1/ n 1/ n 1/ n 1 n
L°“°S-=(0)+E(1j+§(2)+1(3j+ """ +n+][n)
n! 1 n! 1 n! 1 n! | n!

TN -0 T30 m-2 a3 m-3 "t arl nl(non)!
Taking common n!

1 1 1 ! L
- “’[HU!(n—l)!+3r(n—2)!+4! (n—3)!+“"+m]

Now multiplying and dividing by n + 1

_gn+1)n![i 1 1 1 1 ]
T+ o2 T3 -2 T4 m-3)" " T (mt1)n!

_§n+l]![L | | 1 1 }
SThrl It 2T 3rm- T m-3) " Tt !

1 (n+ 1) (n+1)! (n+1)! (n+1)! (n+1)!
n+][ n! +2!(n—1)!+31{n—2)!+4!(n—3)!+'“+(n+1)nl]

1 [(n+l) (n+lj (n+l) (n+1) (n+l)]
Tt )02 )P0 s )Pl e T
: : n+1

Adding and subtracting [ 0 )

S G TGO AU MG NT) It

We know that
() W e (2 2
0 1 2 3 n+1.,/)
n+1
and ( 0 j=l

So (1) becomes

n+1

2
" o1 = 1 = RHS,

|
n+1

Hence proved.

www.u§tad360.com :

‘1-\"
-~

59



Punjab | 11th Maths | Ch #8 60

EXERCISE 8.3

BINOMIAL SERIES (Lahore Board 2009, 11)

n(n-1) 2+n(n—])(n—2)x3+

(1+x)" = 1+nx+ X 3 Xt

Here index n is negative integer or a fraction.

Q.1 Expand the following upto 4 terms, taking value of x such that the
expansion in each case is valid.
M -9 (i) (1+2x)"
iy @@+x™" (iv) (@-3x"
(v)  (8-2x)" (Lahore Board 2008) (vi) (2-3x)" (Lahore Board 2010)
o (1-x" e 1+2x
(vii) (1 +x) (viii)
+ 2012
(ix) %)L x) (1+x-2xH)"
(xi) (1-2x+3x)"
Solution:
M a-»"
By binomial series
171 1/1 1
) e )ae)
= I+E(—x)+ X (- x) 30 (—x) + ...
_ 1 l( l)lz l(l][ﬁ)_ 3
1 2 Xt5| -3 Jx3x 5 2 5 ><6(—x)+ .......
=1 —%x—éxz—%f + ..
Valid if [x| <1
(i) (1+2x)"
1 + {_ ]) (2)() +ﬂuz#l(2x)2 + (_ l) {_ 1 _3|l) (_ 1 _2) (2?()3 +
= 1 2x+4x -8+ .......
Valid if [2x| <1
2 x| < 1
1
= x| <3

www.u\;stad360.com :
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iy (1+x7"°

25 14 5
= ]—3x+9x -1 X + ..

Valid if [x| <1
(iv) (4-3x)"

i 171 171 1 N
o ) g M)y o
I I 21 4 31 T4 ) T i
i l[ l) l( lj( éj 1
ol 3x 2 2 9_}8+2 2 )\ 72 (—27;8) {
TS I 2 *76 6 64 )T g
o, 39 5 27
2 4 64){ _Slzx + .......
Expansion is valid if
%x <1
3
= 3|x|<1
= k=3
v) (8-2x)" (Lahore Board 2008)

1 X
- 5 1-3

1 1 —1x=-21 - Dx(=2)yx(-3) -1
“slie TR e G
=l|:1+lx+Lx +ix3+ ]

8 4 16 64"
S S PN BN

8 32 128 512+
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The expansion valid only if

3l <!
i<
= 4 x| <1
= x| <4
(vi) (2-3x)7 (Lahore Board 2010)

2

2 3_?()-
2 (]—2

3

il (2)(=2-1)(=3x\ (-2)(=2-1)(-2-2) ' 1
-l (T 025 (2] 3 (Fx) +om ]
B 2 3
e300 cneden o]
1 27x% 27%° }
—4_]+3x+ 4 + ) + ...
1 3 27x 27%

The above expansion is valid only if
3x

2| <1

3
= §|x|<1

<2
= x| 3

~1
A

(1+x)
=(1-x"'(1+x?

[ UL

T

PRS- ISSIRNCIC 3'1}(—2—2)

[ D ENEDED ]

[1—2x+ﬂ¥lx2+(_2}(_63)(_4))(3+ ....... :|

=D (=1 1) (-1-2) —x)+....... :|

l{+x)3 +.. ]

www.u\;stad360.com :
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=[l+x+xX+x + .., T[1=2x+3x"—4x + ....... ]
= 1—2x+3)(2—4x3+x—2x2+3x3+x2—2x3+x S
= 1—x+2x2—2x3+ .......

The above expansion are valid if

x| <1
(viii) Ellj:x
1+20" 0 -x)"
= (1-x) "(1+2x)"
:[1+X+[—_1H2—!1_—11(_X)2+(—1)(—l—3?)(—1—2)(_K)3+ ....... ]
171 171 1 1
{ 1 2(2‘1) , 2(2‘1)(2‘2) ; |
I +52x+— 5 — (2% + 3 x>+ .. |
:[1+x+_|;_2x2+_1x_62><_3(_x3)+ ....... }
171 1 1y 3 1
:(-2) ) 3(-2)(-3) { |
I +x+ 5 4x° + 6 8x  + ... J
=[l+x+xz+x3+ ....... ]|:1+x—%x2+%x3+ ....... :|

1 1 1
]+x—5x2+§x3+x+x2—5x3+x2+x3+)(3+ -------

3
= ]+2x+§)(2+2x3+ .......

The above expansion valid if
1
x| < 5 and |x|<1

£4+2 ]III
) ooy
“+20"2-x"'
172 —1

AR
=4 (]+4x 2\ 1-35
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11 | |
Szl sbe)ar)ny
=232y T 31 2 ) T
2 3

o x EDE1-D( x G*J&l—l)kl—ﬂ(:z) |

2{:l+2+ 21 (_2)+ 3! 2 T U
= 1 12,1 I 1., 13
_[”4"‘32"*128"+ ------- ][”2“4" TgX }

I 5 13 1 15 1 35 1 5 1 35 1 ;5

1
S XA X6 T3 g X T ag X

S S 8 S S < S I
= 4 XT3 X X T
KIE N
The expansion of (l +§) and (1—5) are valid if
% <1
= Ix| <2
x) (1+x-2xH)"
1/1 1(1 1
l 3 2 -1 2.2 2(2_] (2_2 2.3
=]+2(x—2x)+ 1 (x—-2x7)" + 3 (x-2x7) +......
1 1 1 1 3]
LU A Ly 2
1 20 2 2 :
= 145 (x-2X) + T (X" 4x —dx) + 6 (" —8x"— 6x" +12x) + ...

1 9 9
= 1+Ex—§x2+—x3+ .......

ﬂwahwemmmmhnﬁvﬂﬁaﬂyﬁ|x—2fhilﬂmﬁsdmﬂ
x-2x <1 or —(x——2x2)< 1

= XX Hx-1<0 ... 1 2x>-x-1<0 ... 2)
2" - 2x+x-1<0

x-1D)@2x+1)<0

l<x<l

2
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(1-2x+3x) "
[1+3x"=2x)7 "?

(3x% - 2x)* +

2! 3!

e ) GRS

(3x2—2x)3+...J

1 -4 1 1 -4 -7 1
3 3x 3 g O A1) T g
(27x° - 8x° = 54x° + 36 X) + .......

2

2 7
=Xt 305 O 4407 = 12x) =57 (27" = 8% = 547 +36x) + .

3 9

2 82243 656

2
1-x +§x+2x4+§x —g X —Tx +_x3+14x5+ .......

27
2 1, 16 5

3 §X —2?X+ .......

The above expansion is valid only if

3x*—2x|< 1

x> 2x <1 —3xF-2x) < 1
- 2x—1<1

I —3x+x-1<1
Bx+DHx-1)<1

1

3 X< 1
Q.2  Using Binomial theorem find the value of the following to three places of
decimals.
Solution:
i /99
L2
_ 12 _ 12 _ 1/2 L
= (99)"* = (100 - D'* = (100) (1—]{}0)
[ 101 1
e EhEC =L EE0 S
0L Uhoo )2 Lo ) T i

—10_1 L _ 111l -1 . }
VL Tax1007 2% 2 “2% 100 100
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1 1

= 10—% - mﬁ- .......

= 10-0.05-0.000125 + ....... = 9.950
(0.98)"*

= (1-.00)"

1 11
1 +§(-‘02)+5(5-1 )(- 027+

(1
1-.01 +2(_2 )(.0004)+ .......

= 1-.01-.00005+ ....... =990
(1.03)"°
= (1+.03)"

1

1 -2 1
=]+.01+3>< 3><2><.0009+ .......

=1+.01-.0001+...... = 1.010

V65
= (65)"7 = 64+ 1)'"
1/3

= (64)”3(1+6]—4J
I 11 2
= 4 1+l(lj+3[3—_1)(1—)‘+ ....... J

L RAN

_ 1 %[_3_2) 1 P

=4_1+192+ 5 x40%+ ....... J
= 4+0.021 -0.0001 +....... = 4.021
4
\17

. | 1/4
_ (17)1,4 _ (16+1)1M _ 16134[1_'_%)

66
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Il
]
+
&
=
e}
+

[
)
=
ot

-------

o) B3
= 3" =@2-n"”?
W15

/s L)
32 (]—32
/ 1y =1
_ 5% (1/5) 1y =1
=2 [1+(5)(32j+ ....... J

(vii) 37
\/998

—1/3
J 2
= (1000-2) " = (1000) ”3[1 —}

~ 1000
_ 13X (-1/3) .
=10 [1—500}

10‘{1{%)(%} ....... ]

1 I o
=10[”1500+ ''''''' ]=10+150{}0+ """""
= 0.1 +0.000067 + ....... — 0.1000
1
(vili) ——

5“\! 252

~ (252)

1/3

5= (252) 17 = (243 +9) 1°

67
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o 1 1 1 1

=3 [l— x2?+ ....... }—3[1 135+ ....... J
= %[l —0.007+....... ] = %[0.993] = (0.331

. 7

(ix) 3\/%

= 1-7g+ o = 1-0.063+....... = 0.938
(x) (998 '?
= (1-0.002)" "

()4

_1 3
= 1+[ 3 )(—ﬁ_oozw o (—0.002)> + ...

2
= 1+0.001+5(0)+ ...

= 140001 +0+....... = 1.001
1

S
/486

1
= W = (486)

0 = (729 - 243)°

= oy 16 [ m}‘”ﬁ_ 36_1_.-6[ 1}‘”“
=29 x| 1= =06) 7|13

PRSI PNE RN C Ca) B

[1+0.0555+0.0108 + ....... ]

—_— ld = =

= 3 [1.06895] = 0.356
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(xii)  (1280)"
1/4
= (1296 — 16)"* = 1296”4(1—%)
L dx(1/4) 1 16
C ] (D)8 ), ]
_ { 1 }_ _ _
= 6| 1-35g+ oo = 6[1-0.003+....... ] = 6[0.997] = 5.981
Q.3  Find the coefficient of x" in the expansion
. 1+x2 B gl+xf
O a+x? gy
1+x)° 1+x)
(i) %r:)‘)_z (iv) %ﬁ)%
V) A=x+xX =X+ . )  (Gujranwala Board 2005)
Solution:
. 1+x
O 1+
= (1+x)(1+x)7
2 3
_ (l+x2}[1+(—2)(x)+(_2)(_22!_])x +("2)("2"'§!("3"”(") Fo }
—) ()X D34
- )| 14+ RGAE CDONCD s,
=0+ [+ D) 2x+ (P 3x+ (1) 4’ +
o FED" =) A D T = D) (1) X
= )" Pa-DX"+C ) @+ DX
D" a-DFED D] X" = 1) [n—1+n+1]x"
= D" Cnx"
Coefficient of X" is, (— 1)" x (2n)
. [1+1|:!2
gy

= (1+x)°(1-x)"
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2
(l+2x+x2)(l+2x+(_2)(_22_!l)(_x) +o )

~2)(-3
(l+2x+x2)(l+2x+ S S ]

(I+2x+x) [1+2x+3%+ .+ (=D x" 2 +nx"T+ @+ 1)x"]

Now multiplying the terms to get terms involving x" .

(iii)

m+DHx"+2nx" " Hm-onx" "2

m+1)x"+2nx"+(n-1)x"
(n+1+2n+n-1x"

n
4nx

Hence coefficient of x" is 4n

(1 +xf
(1-x)*

(1+x)° (1 -x)"?

[,+3X+%®2+36—;)!(3—2)}(3}
[1+2x+(_2)(_22_!l)(_xﬁ)+(_2)(_2_3!])(_2_2)(—;;)3+ ....... }
Ix2 5 3x2x1 4
[]+3x+2xlx +3><2><1x[|
—2) (-3 ~2)(-3)(-4
[l+2x+( z)x(l )2 i 3))((23(1 )(—x)3+ ....... }
[1+3x+3x2+x3]
[1+2x+3°+4x + ... +m=-2)x"+m-Dx"F+nx"" "+ @+ 1)x"]

4

m+ D"+ 3nx" "3 T P - xt
m+Dx"+3Inx"+3m-Dx"+(n-2)x"
m+1+3n+3n-3+n-2)x"

8n—-4).x"=42n-1)x"

Hence coefficient of x" is 4 (2n— 1).
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1+ x)?

= 1+ 1 -x)"
=[(1+2x+xz)(l+3x+£ﬁ%l(—x)z+ ....... ﬂ

~-3x-4
=(l+2x+x2)[l+3x+ 2};] o )
= (1+2x+x%)
— n-— + n-— + + n
(]+3x+3x4x2+4x5x3+ ...... (@ 1)@}( 2, n Qx 1, t D)@ zxj
2 2 2 2 2
L _@ED@4D) o 2@@ED ey, =D () oo
2 2 2
(112-1-311+2+2112+2n+nz—n)n
= X
2
4n® +4n + 2
= (%)x“ = (2n2+2n+])xn
Hence coefficient of x" is 2n® +2n + 1.
V) (A=x+xX =X+ . )

We know that,
(1+x) "= 1-x+x>-x+

......

Hence given expression becomes
2
[+ = (1+x)7
=2)(=2-1)
1+(=2)x+

—x)2+(_2)(_2_]}(_2_2) 3

= 21 ( 3] (—x)y +.......
= l+(—l)2x+(_22)x(;3)x2+(_?i_233{]_4)(—x}3+ _______
= I+ 2x+ (- )3+ (1) A+ D) o2

D" T T D) () X"

Hence coefficient of x" isonly, (— )" (n+1)
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Q.4 If x is so small that its square and higher power can be neglected, then show
that

(i) \;ﬁ 13 >x  (Lahore Board 2009)

iy I 4,3 3%
~
\|' — X
. )1:"2 _ (16 + 3X}”4 l i
(iii) 4+ 5x ~

=
I~
=

+
(iv) (l_x):snsz-kqx

(1+x)"* (4 -3x)*? 5
(v) 8+ 5x)" ~ [1— x]

(Gujranwala Board 2006)

6
(vi) 8+ 3x)h’3 ® 548X
(vii) (z_i)us x) ~ Z—Ex
Solution:
1-x 3

(i) \/ﬁﬁl—ix

(1-x)(1+x) "

-

-

50
I

1
(1-x) [ 1 - 5 X ) (neglecting square and heigher power of x)

Il
o
|

= R.H.S.
1+2x

LHS. = (1420 0-x)"

= (14320 )(1+3x )
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(l+x)(]+%x)

= ]+%x+x
3

= ]+EX = R.H.S.

e O+ -6+30)" 1 17

(i) 4+ 5x ® 47284

LHS. = [(9+70"-(16+3%)"] @4+ 50"
1/4 .
_ | o2 T Y2 s 3_X)-| _1( S_x)
—[9 (]+9x) ~16 (|+16 \J.4 L+
7 3 L Sx

- [s(egn )2 (e g ) J5(0-3)

1 7 3 5
=1|:3+gx—2—3—2x:|(]—1xj
SQE-STES)

4 96 X )L 4%

= 3‘1[1—%)("'%)() [~ neglecting heigher power of x]
.

T4 96

1 17
= 4 38a% R.H.S.

4+x 25

LHS. = @4+x"0-x)7°
1/2

4”2( 1 +§) (1-x)°

2[1+%xj(l+3x}

8

25
= 2(1+§xj

25
2+Ix = R.H.S.

1
= 2(l+3x+—x)
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(1 + x)1."2 {4 - 3x)3f2 §
(v) 8+ Sx)”3 & (1 ~6 x)

L.H.S.

(1 — x)1."2 {9 - 4X)”2

(1+x)" @ -3%)"% (8 +5%) "

3/2

(l+x)l.-"243f2(l_%) ) 1;3(1+5?Xj
(l+%xj23(l—§x)2_'
232_1(14-%}{)(1—%:{)
2(1egx (137

5 9 1
4[[—24x—8x+2x)

4[1—%x)
R.H.S.
3 61

™) 8+3n"

L.H.S.

27487
(1-%)"(9-4%" (8 +3x)""
112

. 173
(1_;.()”29”2(1_%) 8_”3( 3X) r

-+

1/3

74
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3 3 61
2 2% X
3 61
2 7 48
R.HS.

\J4-x+@8-x)" 1

75

(vii) 8- x}”s ~ 22— 12X
LHS. = [4-%""+38-x0"]@8-x"
r X 12 X lr'3—‘ X -1/3
_ 172 X 1/3 X ~1/3 X
- Lan(1-3) w2 (-5) fer (i)
- 2(1—%3)+2(1—%):|2_1(1+§x)
C o1 x 11 1
= _2‘4“2‘12]2[”24")
1 1 1
= 5(4—§x)(1+£x)
1 11
- E(“E"‘i"j
1 1
= 5 4_6X)
1
= 2—12x
= R.H.S.
£ x is so small that its cube and heigher power can be neglected, show that
Q5 If x i Il that its cube and heigher p be neglected, show th
1 9
1 —X—aX = —aX—o X
i 1 2 145%-3 2
. 1+x 14+ +1
(ii) 1—x ~ X+35X
Solution:
1 9
(i) J1-x-2x" » I—Ex—gxz

L.H.S.

(1—x—2x)1"

[1-x+23]"
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= l—%(x+2x2)+%(%—l J[—(x+2xz)2]

1 1/ 1) 1
]—E(x+2x2)+§(—§jx E(x2+4x4+4x3}

1 |
= 1-5(x +2x2)—§(x2+4x4+4x3)

1 1
= 1- 5 X— X - 3 X’ (neglecting cube and heigher power of x)
_q, L 20
= l-5x-gx
= R.H.S.
1+x 1
(ii) l_xml+x+£x

LHS. = (1+x)"?1-x""

PN

= _l+5x+721 x‘J

{l+lx+[zl)[2]_l)(x)z}

2 2!

—_1+l lz}(Hl L3 2)
I R R 2XTgX
3 2 ]. ] 3 3 ]2 1 3 3 4

|
1+Ex+§x'+ix+ax2+ﬁx -3X 716 A

_ 11 3, 1, 15
= 1+2x+2x+8x -g X +4x

— axtay

= R.H.S.
Q.6 If x is very nearly equal to 1, then prove that
Px’—qx = (p-q)x"™
(Gujranwala Board 2005, 2003), (Lahore Board 2003, 2009, 2011)
Solution:
Since x = 1
Let x = 1 +h where h is so small that its square and heigher powers can be neglected.
LHS. = Px"—qx"
~ P(1+hP-q(1+h)?

www.u\;stad360.com :



Punjab | 11th Maths | Ch # 8 77

u

P (1 +ph)—q(l+gh)
~ P+p’h-q-¢’h
(p-a)+ (@ -q)h
P-d+tp-pptgh
P-Q[l+@p+qhl ... (1)
RHS. = P-—qx""¢

~ P-q)(1+hP"1

i

i

i

= P-q1+p+qh] ... (2)
From (1) and (2) we have
LHS. = RH.S.

Hence proved.

Q.7 If p-q issmall, when compared with p or q show that

@n+1)p+@n-1)q _ I:E+g|-|”“
@n-1)p+Q2n+1)q 2q ]

Solution:

2n+1)p+(@n-1)q
Cn—1)p+(2n+1)q

Let p—q=nh

LHS. =

p = q+h, where ‘h’ is a small that it square and higher powers can be neglected.

(2n+1)(@+h)+(2n-1)q
@n-1)(q+h)+(@2n+ 1)

2ng+2nh+q+h+2nqg—q
2nq+2nh—q-h+2ngq+q

4nq+2nh+h 4ng+(@2n+1)h
4ng+2nh-h  4nq+(2n-1)h

e (]
T RETON
[ h
[ (e h1-(3
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2n+1 2n—1
]+[ 4nq )h_( 4nq )h

2nh+h-2nh+h

78

4nq
2h h
“ 1 a0 = 1o e (1)
C o 1/n
_ | P9
R.H.S. = | 2q }
~ I/m
[ gq+h+q }
=" ag
_ I/n I/n
TR Y
L 2q S L2q 2q
~ lin
h
=_1+2q] = l4apg e (2)
By (1) and (2)
L.H.S. = R.H.S.
1/2
n |° 8 n+N
Q.8  Show that [2 (n+ N)'J “on_N_ 4n where n and N are nearly equal.
Solution:
Since, N @ n
= N = n+h, where ‘h’ is so small that its square and higher powers can be neglected.
- 12
n
LHS. = 2 (n+N)j|
1/2 12 1/2

L

n

b N B ey
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8n n+N
O9n—-n_ 4n

8n (n+n+h)
On—(n+h) 4n

8n 2n+h
9n—-n—h  4n

RH.S. =

8n 2Zn+h
8n—h  4n

8n 2n+h
h Yy  4n
&n ( 11— 81’1)
_(1 g{y 2n+h
B “8n /) ~ 4n
b (2n+h)
8n 4n

8n+h—4n-2h
8n

u

i

!
i

I h
= 2[1_4n} ......... (2)

From (1) and (2), we have
L.H.S. = RH.S.
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Q.9 Identity the following series as binomial expansion and find the sum in ease.

o lG)*LS(lj 1.&5(1j+
(M) ~2la)T2r.ala )~ 3.8 Lg ) T

(ii) 1—%
3

(iii) 1+

o1 1+u(1f 1-3-5(1)’+
(v) 1-5.3%3 4(3)"2.4.6l3) T
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Solution:
S 1[1]+1.3(1')2 1'3'5(1]3+
® 2\4)721.404) 7 31,8 L4) T
2
N 1/1Y 13/(1
Let (1 +x) =]—§[Zj+m(zj— ........
Also, (1 +x)" = 1+nx+%lx2 ........

By (1), we have
—1

X =320 e (3)
Putting the value of x in (2)
n(n—1) 13
21 “e4n” 128
no1_ 3
128n 128
Multiplying both sides by 128
n-— |
P 3 = n-1=3n
= -1 = 2n
_ =1
= n = 2

Putting value of n n (3)
1
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Now, putting the values of x and n in,

e - (144) = (3)
o
5

ROREHREET)
() 1-5(5 ) 2 4l2)"2.46l2)
2
W (Y1), 131
Let (1+x) —1_(2j(2j+2_ (zj_ .......
Also, (1 +x)" = 1-0-r1x+n ]]2,[_1 S

nX o= -n (1)
nin—1 3
JT)}(2=3—2 ......... (2)
1.31 3

2.44 32

By (1), we have

1
X = =30 e (3)

[Putting the value of x in (2)]

n—1 _i

32n 32

n-—1 ; : )
= S -3 (. since multiply both sides by 32)
= n—1= 3n
= —1 =3n-n

-1 =2n

e |

- n = 2

www.u\;stad360.com :



Putting the value of n in (3)

1
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1+§+3 +3.S.7+
(iii) R 4.8 12
3 3.5
Let (l+x}"=]+1 4 g
— 1
Also, (1 +x)" = 1+nx+”(%1x2+ .......

200 % T3
By (1), we have
_ 3
X7 4n
Putting the value of x in (2)
nn-1) 9 15
2! len” ~ 32

mn-19 15

32n 32

(n-1)9
n

9n—9 = 15n
-9 = 15n—-9Yn

=15

(.. multiplying both sides by 32)

www.u\;stad360.com
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-9
-9 =6n = n—6 = n =5

Putting the value of n in (3).
3

@)

_ -1
= X—2

Now putting the values of x and n in,

S| 1+u(1j 1. -5(1)"+
(v) 1-5.3%574(3)"2.4.6l3) T

| )
From (1) x = on Put in

n —n 1 .
2 36n2 - 24
n(n-1) I 1
2 X36nt 24
n-1 1
72n 24
24n—-24 = 72n
—24 = 48n
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n =5 Putin (1)

X

—1/2 —1/2 1/2
Y7 4T (3T B
Hence(l+3j —(3> —(4) =

o 1 1.3 135
Q.10 Use binomial theorem to show that, 1+ + o+ g+
Solution:
L.HS.

o, 1 1.3
Let (L+x)" = I+ 4, ¢+ ...

—1
Also, (1+x)" = 1+nx+ﬂg,—)x2+ .......

Now comparing term by term the above two equations, we have

By (1), we have

1
X =2n e (3)

Putting the value of x in (2)
nn-1) 1 3
2! 16n° 32

n— 1| 3

32n 32

=3 (. multiplying both sides by 32)

n—-1= 3n

84
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—1
—1 =12n = n ="

Putting the values of n and x in (3)

| 1/2 1/2
oy -(1-)

Hence proved.

_1,13(1Y
y=3+513)"

Q.11

Solution:
By adding ‘1’ on both sides,

1.3.5
3!

o +1+1‘3(1)2+|.3.5(1j+
Ity = 1+3+757(3 313

By (1) we have,

-1
* 7 3n
Putting the value of x 1n (2)

nGob (LY. 2

.......

multiplying both sides by 18)

- (%j = 2)"* =+/2 RHS.

85
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n—1 = 3n

-1
= n=-

Putting the value of n in (3)

Now, putting the values of x and n in,
1/2

(1+x)" = (1 +(_TZD_ = (1—%j_
(1+y) = (%)12 =3

Taking square on both sides,
1+y? = ()

l+y2+2y =3

1/2

y2+2y+1 =3
= Yy H2y+1-3 =0
=  y+2y-2=0

Hence proved.

86

1 13 1 135/(1
Q.12 If 2y = 32 + BT ?+ 3 (ﬁ J+ ........ then prove that 4y’ +4y -1 = 0.
(Lahore Board 2006)
Solution:
By adding ‘1’ on both sides

1 1.3 1 1.3.51
I+2y = T+2+ 50 23+ 3

1 1.3
Let (1+x)" = T4+ 57 3t

nn-1) 2,

Also, (1+x)" = 1+nx+ o X Fa
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Now, comparing term by term of the above two equations, we have

1 1
nx:?=4 ......... (1)
nm-1) , 1.31 3 1 3
o X T T T aX0e 32 e (2)
By (1) we have,
1
X =20 e (3)

Putting the value of x in (2)

2! 16n° 32
n-1 1 3
2 16n 32
n-1 _ 3
32n 32
n-—1 Co .
L =3 (- multiplying both sides by 32)
-1
n _ 3
n
= n—1= 3n
_ 1
= n=-5

Putting the value of n in (3)

1
X = FET)

-

= XZT

Now putting the values of x and n in

oo (7))
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(12 12
vom=(14)" (3
(1+2y) =12
Taking square on both sides
(1+2y7 = (2)°
| +4y> +4y = 2
= 4yt +dy+1-2 =0
= 4y’ +4y-1=0
Hence proved.
2 3
2 1.3(2 1.3.5(2
Q13 Ify=2 2—[5) +T(g) o R then prove that y*+2y—4 = 0.
(Gujranwala Board 2003)
Solution:
By adding ‘1’ on both sides,
1+ 1+2+—] 3(gj2+1.3.5[g)3+
R TI 3t \5) T
) 2 1.3(2Y
Let (1+x) = 1+§+T 5 + o
~1) 5
Also, (1 +x)" = 1+nx+%x + ..
Now, comparing term by term of the above two equations we have
2
nx =3 (1)
n(n—l)z_g(z)s_é 4 _6 ,
20 X T 2\5) T2%2s T s e (2)
By (1) we have,
_ 2
XS5g 0 (3)

Putting the value of x in (2)
2

nin-=1) (i)_i
2 *\sn) T 25
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=6 (.- multiplying both sides by 25)

-1
n-1=3n = n =

Putting the value of n in (3)
2 2

X: .
—1 —5
5[2j 2

—4
5

x:

Now, putting the values of x and n in,
-1/2

(1+m“=(1—§)

. :(%)uz

(1+y) = /5
Taking square on both sides,
5 2
(1+y)” = (\/5)
I +y>+2y = 5
= y”‘ +2y—-4 =0

Hence proved.
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