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CHAPTER

SOLUTIONS OF
TRIGONOMETRIC EQUATIONS

EXERCISE 14.1

Trigonometric Equations:

The equations containing at least one trigonometric functions are called
trigonometric equations.

e.g., sinx = 5 » secx = tanx

Q.1  Find the solutions of the following equation which lie in [0, 2%]
-3

(i) sin x = ’

(ii) cosec® = 2 (Gujranwala Board 2005, Lahore Board 2006)
(iii) secx = -2

1
(iv) cot® = @ (Lahore Board 2010)

Solution:

(i) sinx =

&

X = sin—'[lé)= 60° = %

2 3

Since sin x is —ve in [IT & IV Quadrants with the reference angle n/3 thus we have

For ITI-Quadrant For IV-Quadrant
Xx =n+0
T
X =mn+ 3 , X =2n-0
4n T
X =73 \ X = 2ﬂ—3
_3m
T3

: .. 4o 5
So thus the required solution is x = ?n , ?ﬂ:
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(ii) cosec® = 2
|
sin O

=2

= sin B

B=sinl(

B =
o
I
W
(]
=)

I
oA

1
2

Since sin 0 is +ve in [ and II Quadrants with reference angle % Thus

For I-Quadrant For II-Quadrant
X = % s X =mn-0
_ n
X =n—{
_ st
T 6
) . T S
So thus the required solution is x 6 6"
(iili) secx = -2
1 _ 1 < -1 (lj —epo _ T
cosx ~ %2 = cosx = -3 X=cos |5 =60 =3

Since cos x is —ve in II & IIT Quadrants with reference angle% thus we have

For II-Quadrant For III-Quadrant
X =mn-0 , Xx =n+0

_ I ik
X =m-3 , X =mn+3

_2n _4n
X =73 \ X =73

2 A

Thus the required solution is x = ?Tc , Tn

. _ 1
(iv) cotB _\B

tan@ = /3 6 =tan ' (\3) = 60° =3

Since tan 0 1is +ve in I & III Quadrants with reference angle% thus we have.
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For I-Quadrant For I1I-Quadrant
T Y 4n
X =3 X =mn+3 =73
4
Thus the required solution is x = % , ?n Ans.
Q.2 Solve the following trigonometric equations:
1 4
(i) tan’6 =3 (i)  cosec’® = 3
2 4 . 2 1
(iii) sec” @ = 3 (iv) cot"@ = 3 (Lahore Board 2007)
Solution:
1
. 20 _ 1
(i) tan” 0 3
|
tan® = £+ —=
an V{g
_ L _ =1 BRSNS [ S IV 1
= tan _\B and tanE}—\/g 0 = tan (\/3)_30_6
Since tan 06 is +ve in I & III Quadrants Since tan 0 is —ve in Il & IV Quadrants with
with reference angle % reference angle %
Therefore
For I-Quad  For III-Quad For 1I-Quad For IV-Quad
T T T T
9—6 s 9—ﬂ+6 9—ﬂ—6 s 9—2?1—6
T n Sn lln
0= c tom, 0 = 6 0 = 6 , 0 = 6
7 5 11
9=€n+nn 9=?R+m'c , 9=?ﬂ+nn Vne z
[ 7n } (5 | [llxm }
16+nn}u16 +nm uiﬁ +1m}ui g tnnf,Vnez
4 3 I8
s 2n _ T — cin] — o —=
(i) cosec O 3 0 = sin (2 ) 60 3
cosec B = +i
3
2 -2
cosecH = = cosecH = =
\3 3
3 —~3
sinf = Ng sin@ = JQE
Since sin 0 is +ve in [ & Il Quadrants Since sin 0 is —ve in Il & IV Quadrants
with reference ang]eg with reference angle 3
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For I-Quad  For II-Quad For 111-Quad For IV-Quad
T I8 T m
8—3 s B—n—s 9—n+3 \ 9—211:—3
2 4 5
8=%+2nn 9=Tn+2m1: 9=Tn+2t‘lﬂ:, 9=Tn+2nﬂ

S = 5[_* Znn} U %_“ + znn} w %47 + Znﬂ:} U %5?15 + znn} ,Vne z Ans.

(iii) sec’® = g 0 = cos” [SZE) = 30°=%
sec = & Z
NE
2 -2
sec O = @ sec O = E
= cos 0 = 3? cos O = %@
Since cos 0 is +ve in I & IV Quadrants, Since cos 0 is —ve in II & Il Quadrants
with reference angle % therefore we have with reference angle % therefore we have
For I-Quad  For IV-Quad For I1-Quad For I11-Quad
0=% . 8=2n¢ o=n-¢ ., B=mn+y
9—%+2nn,9=”?ﬂ+2mt 9=5?+2nfc s 9=_%+2nn
8.8 = %g— 2]’11'[} u[f%—[+ 21111} U%%T+2mc} u%%+2nﬂ} ,Vne z  Ans.
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(iv) c0t9—3
1

= cot8=i$
tan0® = ++3
tan 0 = /3

Since tan© 1s +ve in 1 & III

: . s
Quadrants with reference angle 3

therefore we have
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(Lahore Board 2007)

] _ _I
0 = tan (\fg)—60°—3

tan 0 Z—\ﬁ

Since tan© is —vein Il &IV

. T
Quadrants, with reference angle 3

therefore we have

For I-Quad  For III-Quad For II-Quad For IV-Quad
n R 4 s
9=%+nn’, 9=43—ﬂ+mrr 9=2?n+mt , 9=53—n+mt
[ [ f f
S.S = ﬁ*ﬂn}u’ﬁ?n+ nn}ui%—nJrnﬂ}uT%Jrnn},Vne z Ans.
Q.3  Find the values of 0 satisfying the following equations:
3tan’0 +2 \fi_i tan9 +1 = 0 (Gujranwala Board 2006)
Solution:
3tan” 6 +2+3tanB+1 = 0
a=3 b=23, c=1 by quadratic formula
—b+/b"—4ac
tan0 = B
a
_ —2\340@\B-40B) ()
a 2(3)
—2a3xN12-12 243 -1
N 6 6 R E
= tan{-]=—L E)—tarf](—]=3(}°=E
E \3 6
Since tan© is —ve in II & IV Quadrants, with reference anglc% therefore we have
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Q4 tan’@—secO-1=0
Solution:

tan’ 0 —secO -1 = 0

sec’0—1-secO-1=0

sec’ 0 —sec@-2 = 0

sec’@—2secO+secH-2 =0

secO (secO —2)+ 1 (secO-2) =

(secO—2)(secO +1) =

sech = 2 secH = -1

1
cosl’:}zz cos = —1
= B = cos

Since cos 0 is +ve in I & IV Quadrants 0 = cos”' (1)
With reference angleg 0 = n+2nm

For I-Quad. For IV-Quad.

n _ a5 K
0 = 3 > 0 = 2n 3
0 -~ Z+omm, 0 =2F+2
=3+ 2nm, =33 nm
[ [, 57

S.S= 1§+2m'c i +2nmp U {2n+ D),V ne z
Q.5 2sin@+cos’@-1=0
Solution:
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For 11-Quad For IV-Quad
0 = n—g , 0 = 2?1:—%
5 11
0 = En+nn . 0 = ?ﬁJrnn
5 4
8.8 = 1%+nﬂ}ui%+m‘t},b’ne z Ans.

2sinf + 1 —sin’0—1 =0
2sind — sin’® = 0
sinB(2 — sinB) = 0

)

Ans.
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= sinB =0, 2—sin® =0

sind = 2
sind = 0 2—sinf = 0
= 0 = nn sinf = 0

Which is not possible because —1 < s < 1
SS = {nn,V ne z}
Q.6  2sin’®—sin® = 0
Solution:
sinB(2sinB - 1) = 0
= sin = 0 and 2sin0—-1 =0

2sinb = 1
sind = 1/2
sin0 = 0 sin = 1/2
= 0 = nn Since sin@ is positive in 1T and II quadrants with the
reference angle 7t/6.
I quad. Il quad.
q=m6+2nt,¥Vnez |0 =n-n/6
0 = 5n/6
0 =51/6+2nt,V ne z
S.S = {nn} U {n/6 + 2nn} U {Sn/6 + 2nn} ,V ne z
Q.7  3c0s’0 — 27/3 sin® cosd — 3sin’0 = 0
Solution:
3c0s°0 — 243 sind cosd — /3 sind cosd — 3sin’d = 0
3cosO(cost — \ﬁ sinf) +\f§ sinO (cosO — \,'3 sinf) = 0
(cost —+/3 sin0) (3cos0 ++/3 sinB) =0
cosf — \B sing = 0 3cos0 + \E sin® =0
cosf = \ﬁ sin0 \Ea sinf = —3cosO

b, tan =—1/3
tanf \ﬁ

Since tan® 1s positive in I to III | Since tan® is negative in III and IV quadrants
quadrants with the reference angle n/6 | with the reference angle /3.

I quad. I quad I quad. III quad
0 = /6 +nn 0 =n+n/6 B =n-n/3 0 = 2n—n/3
0 = Tn/6 0 = 2n/3 0 = 5n/3
0 = Tn/6 +nn 0 = 2n/3+nn 0 = 5Sn/3 +nn

S.S = {w6+nn}w {Tn/6+nn} v 2n/3 +nn} U {Sn/3+nn} ,Vne z
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o ( 1
cos

2

o _ I
):60 =3

Since cos 0 is +ve in [ & IV Quadrants with

For IV-Quad.

0

1
Sn
3 + 2nm

(Gujranwala Board 2004)

Q.8 Find the values of ® 4sin’0—8cos®+1 = 0
Solution:
4sin"0-8cosB+1 =0
4(1-cos’°0)—8cosB+1 =0
4—4cos’0@—8cosB+1 =0
4cos°0+8cosO-5=0
4cos"O+10cos®—2cosO—5 =0
2cos0(2cos0+5)-1(2cosB+5) =10
(2cosB+5)(2cosB—-1) =0
2cosB+5 =0 2cosB-1=20
—5 1
cosO = 5 ct:)sE|=2 0 =
Le. solution is impossible.
T
reference angle 3
For I-Quad.
T
B - 3 s
T
0 = 3 +2nm
[ 5
8.8 = 1%-1— 21111} ui?ﬂ+ 2m‘c} ,Vne z Ans.
Q.9 Find the solution set of the following equations.
\Btanx—secx—l =0
Solution:

\,@tanx = 1 +secx
(\r@tanx)z = (1 +sec x)’

3tan2x = l+sec2x+25f:cx

“
2x—l) = l+sec"x+2secx

3 (sec
3sec2x—3—1—sec2x—2se0x =10
Zseczx—2secx—4 =0

2
secx—secx—2 =10
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sec’ X —2secx+secx—2 = 0
secx(secx—2)+1(secx—2) =0
(secx—2)(secx+1) =10
secx—2 =0

secx = —1

X =T

Since cosx is+vein I & IV Quadrant

. T
with reference angle 3

For I-Quad. For [I-Quad.

T
X = X =2n-3

5
+2nwt, X = 5 +2nm

WA WA

X:

3
. [5
Solution set is TE+2nﬂ:}u4{7ﬂ+2nn}u{n+2nn}, ne z

3
Q.10 cos2x =sin3x
Solution:
cos2X = sin3x
2 . 2 _ . .3
cos X —sin" X = 3sinx—4sin” x
o .2 . .3
|l —sin"Xx—sin"XxX—-3sinx+4sin x = 0
4sin3x—2sin2x—35inx+] =0
The above equation is satisfied by sinx = 1

By synthetic division, we have

4 -2 -3 1
1 4 2 1
|4 > 1] o

4sinzx+25inx—1 =

Here a =4, b=2, ¢ = -1

secx+1 =20

cosx = —1

x = cos  (-1)

X =mnm+2nn,vVne z
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By quadratic formula

—bir\ibj — dac

sinx =
S 2a

—2+\4-4(@) (1) -2+ J4+16
- 8

sinx = 2 (@)
] . —24420
sinx = 3
420 -2
x=sin_]( g ]
0 _ T
x = 18 = 10

Since sin x is +ve in the I and IT Quadrants

. T
with reference angle 10

For I-Quad. For II-Quad.
_ T _ R
100 0 X0
9
X = %+2m‘c, X = l—g+2nn

Also sinx = 1

o3

X =45+2nn.,vVne z

Hence solution set is

T
2 10

Q.11 sec30 = secH
Solution:

sec36

1 1

cos30  cosO

= secH

cos 30 = cosO

cos30—-cosB =0

%E+2nn}u%—+2nn}u%9—n+2nn

sinx=_5f20_2=_(3[20+2)
8 8
x=sin_'( 208 2)

13_3_“
x =54 = 10

Since sin x is —ve in Il & IV Quadrants

3
with reference angle %

For I1I-Quad. For 1V-Quad.
_ 3= P
X =T = X =270
13 17
x=1_0n+2mt , x=1_0n+2nn
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+ _
— 2 sin (3 92 Ie‘jsin(S 92 9] =0

~2sin260snb = 0
sin20smnb =0
sin20 = 0

20 = nn

u Uil

Solution set 1s i%J winn}, ne Z  Ans.

Q.12 tan20+cot® = 0
Solution:

tan20 = —cot0

sin20  cos©

cos20  sin®

sin20 sin® = —cos 20 cos O
sin20sinB +cos20cosO = 0
cos (20-0) = 0

cosO =0

=
=

= 9=(2n+1}%

[
Solution set is 1(2n +1) g} , he z

Q.13 sin2x+sinx = 0
Solution:
sin2x+sinx = 0
2sinxcosx+sinx = 0
sinx(2cosx+1) =0

sinx = 0

X = nn

sin@ = 0

= 0 = nn

2cosxt1 =10

R |
CO&.X—z

As cos x 1s +ve in I & IV Quadrants

. T
with reference angle 3

For I-Quad. For I1I-Quad.
b T
X =3 , X =2n- 3
5
x=%+2nn, x=Tn+2nrc
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Therefore solution set is

{HR}U‘J[§+2HTE}U

%5%+2nn

}, ne z

Q.14 sin4x-sin2x = cos3x
Solution:
sin4dx—sin2x = cos3x
4x+2xY . (4x—2x
2cos|— 5 |sin|— 57 | =cos3x
2 2
2cos3xsinx—cos3x =0
cos3x[2sinx—1] =0
cos3x = 0 2sinx—1 =10
> 3x=(n+D); = 2sinx = I
= X = (2n+l)%
- 1 o d (LY e T
= sinx =3 X = sin (2j_30_6
Since sin X is tve in [ and IT Quadrants
with reference angle% S0
For I-Quad. For 11-Quad.
_I _ T
X =6 X =n—¢
I Sn
X =€+2““3 X = +2nnt,Vne z
Hence solution set is
[ [ [
1(2n+l)%}ui%+2nn}ui%+2nn},neZ Ans.
Q.15 sinx+cos3x = cosS5x
Solution:
sinx+cos3x = cosSx

sin x

sin X

cos S x—cos3x

9 i (5x+ 3xj. (5:&—3}()
— 2 sin 5 sin 5

—2sin4d xsinx
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13

1
4x = sin_'(EJ = 3U°=%

sinx+2sindxsinx = 0
sinx (1 +2sind4x) =0
1
sinx = 0 sin4x=—§ =
X = nm
. n
with reference angle 6
For IT1-Quad.
T
4x = mt+e ,
7
4x = 6 +2nm
_JIn_n=n
X" a2 =
: [ 7 nﬂ:} L 1ln nm|
Hence solution set {nn}ul24+ 5 u’l 24 T2 | nez
Q.16 sin3x+sin2x+sinx = 0
Solution:
sin3x+sin2x+sinx = 0
sin3x+sinx+sin2x = 0
Ix — 3x +
2005( x2 K)sin[ x2 X)Jrsian =0

2sin2xcosx+sin2x =
sin2x(2cosx+1) =10

sin2x =0
2X = nm
_ nn
X~

[

Solution set 1s 1%}‘ .

[ 2w

[
iT+2nnJ‘u1

0

since sin x is —ve in III & IV Quadrants

For I1-Quad.

T
dx = 2n—6

1n

6

1lx
24

4x +2nm

_  nn
X 2

Ans.

2cosx+1 =0

l}
2

COS X

. n
with reference angle 3

For 11-Quad.
n
X TE_3 .
27
X =73 +2nmt
4n
3 +2nn}, ne z

Since cos is —ve in II & III Quadrants

For 11I-Quad.

_ +E
X = T+2nn,‘v’ne z
Ans.
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Q.17 sin7x-sinx = sin3x
Solution:

Sin7x—sinx = sin 3 x

2 cos (7x2+ Xjsin (sz_ x) = sin 3 x

2cos4xsin3x = sin3x

2cos4xsin3x—sin3x =0

sin3x(2cosd4x—1) =0
= sin3x =0

3x = nn

g =

3

- ol n o onm
Therefore solution set is )1 3 }ui 5t
Q.18 sinx+sin3x+sin5x =0

Solution:

sinSx+sinx+sin3x = 0

2

2cosd4x—-1=20
2cosdx = 1

cosdx =

b | =

2

1
4x = cos” (—)2 60° = z

3

Since cos x is tve in [ & IV Quadrants.

with reference angle %

For I-Quad. For IV-Quad.
I8 T
4x—3 , 4)-:—27[—3
Sn
, 4x = 3
by 5m
4x = 5+2nm 4x = 5 +2nm
3 3
_m nm _sm nmn
T 127 2 - X7 1272

[57t nm
ui—+ ne z Ans.

Sx + 5x —
25in(x2 chos(x K)+sin3x=(}
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2sin3xcos2x+sin3x =0

sin3x(2cos2x+1) =0

sin3x = 0 2cos2x+1 =20
3x = nm COSZK_T
X=% 2X = cos () 60"’——

Since cos X is —ve in II & III Quadrants,

. 8
with reference angle 3 SO

For I-Quad. For III-Quad.
Tt T
2x—rc—3 s 2x—ﬂ:+3
27 41
2x = 3 , 2x = 3
2 4
2x=Tﬂ+2nn , 2x = Tﬂ+2nﬂ:
_E+2nn _2_n+2nn
U372 XT3 7 2
T, _2m
X = 3+nn » X =73 tnm

Hence solution set 1s

Q.19

Ell‘g_n}ufi:r;_’}nn} BL?TE m}, ne z Ans.
0+

sin® +sin30 +sin 5 sin70 =

Solution:

[sin76 +sinB]+[sin560 +sin306] =

0
[2 . (79+e) [?e—e)}[z _ [59+3e) [58—36”_
s1n 2 cos 2 S D) cos P =

0

2s5in40cos30+2sin40cosH =
2sin40 (cos36 +cosh) =

+ _
2sin40 |: 2 cos [%jcos (%)} =0

2x2sin460 (cos20cosB) =
sin40cos20cosh =0
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= sin46 =0 cos20 =0 cosO =
40 =
b = nm 20 = (2n+1)% 0 =(Cn+1)%
2 2
nx T
B=T E}=(2n+l]z

Hence solutions set is

%%} ) %(ZHJF 1)%} W 1(2n+ 1) %},ne Z Ans.

OR
[
EI A R KR
Q.20 cosO+cos30+cos50+cos70 =0
Solution:
[cos 70 +cosO] +[cos 50 +cos30] =0

5 (?B‘FBJ (?9—9)+2 (59+3ﬁj (58—39)_0
cos [~ Jeos (T cos > cos( T | =

2cos40cos30+2cos40cosh = 0
2cos40(cos30 +cosO) =0

30 +6 39-6
200548[2005( 5 )cos[ 3 ﬂ=

2x2c0os40 (cos20cosB) = 0

= cos40 =0 cos20 =10 cosO =0
40 = @n+1)7 20 = @n+1)7 6 =(n+1);
0= (@n+l)y 0= (n+1)y

f f [
Hence solution set is 1(211 +1) %} U j(Zn +1) %} v 1{211 +1) %} ,NeE Z

OR

([t nm| =
e uﬁ+7 u1§+nﬂ ,nNe z
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