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CHADPTER

INTEGRATION
EXERCISE 3.1

Q.1  Find 8y and dy in the following cases.
() y= x*> -1 when x changes from 3 to 3.02 (Lhr.Board 2008, 2011, Guj.Board 2008)

(i) y=x*+2x when x changes from 2 to 1.8
(iii) y=~/x when x changes from 4 to 4.41 (Lhr. Board 2005)

Solution:
(i) y= x> — 1 when x changes from 3 to 3.02
x=3, &x = 3.02-3= 0.02
y+dy = (x+8x)~1-y
= (x+8xy—-1-(x’=1)
= (x+8x) -1-x"+1
= (x +8x) —x°
= (3+0.02)* - (3)°
= (3.02)°-9
= 9.1204 -9
= 0.1204 Ans.
y = x*-1
Taking differential on both sides
dy = dE)-d()
dy = 2xdx (= dx=08x)
= 2(3)(0.02)

www.u§tad360.com :



(ii)

(iii)
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0.12 Ans.

x” + 2x when x changes from 2 to 1.8
x=2, 0x = 1.8-2=-0.2

(x +8x)* + 2 (x + 8x)

(x +8x)°+2x +28x —y

(x +8%)" + 2% + 28x — (X + 2x)

(x +8x)* + 2x + 28x — x* — 2x

(x +8x)° + 286x — x°
(2-0.2)" +2(-0.2) - (2)°
(1.8 -0.4—4

324-44

—1.16 Ans.

Taking differential on both sides

d(x?) + 2dx

2xdx + 2dx

2(2) (-0.2) + 2(-0.2)
~0.8-0.4

-1.2 Ans

\/; when x changes from 4 to 4.41
x = 4,0x=441-4=041

-y
\E
\/1

EEE

o
~

-2
—-2=0.1 Ans.

L
e —

(

o 8x = dx)
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Taking differential on both sides

dy = d@/x)
dy = %x%dx
dy = de
2/x
dy = {2)—\/4:]1 (= 0x = dx)
dy = {)‘lﬂ =0.1025 Ans.

dy dx

Q.2  Using differentials find dx and dy in the following equations.

(i) xy+x=4 (i) x*+2y°=16 Gii) x*+y’ =xy’
(iv) xy-Inx=c¢
Solution:
(i) xy+x=4 (Guj. Board 2008)
Taking differential on both sides
d(xy)+dx = d4)
xdy + ydx +dx =0

xdy = —ydx—dx
(v + 1dx
dy = - .
+
%X = _Ll Ans.
X X
dx X
dy = — v+l Ans.

(ii) X+ Zyz =16 (Lhr. Board 2008)
Taking differential on both sides
d(x?) +2d(y") = d(16)
2xdx +4ydy = 0
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(iii)

(iv)
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4ydy = -2xdx
dy _ —2x

dx by

dy _ X

dx = _Zy Ans.
d

d_x = _22 Ans.
y X

x* +y? = xy?
Taking differential on both sides
dxH+dy) = dixy)

4x°dx + 2ydy= xd(y") + y'dx
4x’dx +2ydy = 2xydy + y’dx
2ydy — 2xydy = ydx —4x’dx
2y (1-x)dy = (v —4x)dx

dy V-4
= Ans.
dx 2y (1 -x)
dx 2y (l-x
dy Ty -4
dx _ 2y(x—1)
dy = 4?{3 _ }’2 Ans.
xy—Inx = ¢

Taking differential on both sides

d(xy) — d(Inx) = d(c)
xdy+ydx—idx =0
_ 1
xdy =3 dx — ydx
1
xdy = [; — yJ dx
xdy = [1__;%) dx
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dy 1—xy

dx X

dx X’

dy = 1- Xy Ans.

Q.3  Use differentials to approximate the values of

@ 17 Gy GDY i) cos29®  (iv) Sin6l°

Solution:
. 4
G 17
Let
y = f(x) = 4\/;( withx=16,0x=dx=1
dy = f(x)dx
| =3
=2 x4 dx
_odx 1
T T 46)”
1
40247
1 1
To4®) 32
dy = 0.03125
. 4
flx) = x
f(16) = /16
a (24)1':4
= 3
Using
f(x + 6x) = f(x) + dy
f(l6+1) =  f(16)+dy
f(17) ~  2+0.03125
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(ii)

Using

(iii)
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17 ~  2.03125 Ans.
31)"
Let
y = f(x) = x'° withx=32,8x=dx=-1
dy = {(x) dx
= é x ¥dx
dx
= 5}(4;’5
-1
~ 532)7
-1
- 5(25)4."5
_ L
5(16)
_ -l
80
dy = —0.0125
flx) = x'°
f(32) = (32)"°
— (25
= 2
f(x + &x) ~ fix) +dy
f32-1) =~ f(32) +dy
f(31) =~ 2-0.0125
(31)"°~ 1.9875 Ans.
cos 29°
Let
y = f(x) = Cosx withx =30° 6x =dx

10
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= —lx7gg = ~0.0174
dy = f(x)dx
= —sinx dx
= —sin30° x (— 0.0174)
dy = 0.0087
f(x) = cosx
f(30°) = cos30°
= 0.8660
Using
f(x+6x) = f(x)+dy
F(30°-1° =~ f(30°)+dy
f(29°)= 0.8660 + 0.0087
c0s29° = 0.8747 Ans.
(iv)  sin 61°
Let
y = f(x) =sinx with x =60°, dx =dx = 1°
= Ix7gg = 00174
dy = f(x)dx
= cos x dx
= cos 60° % 0.0174
dy = 0.0087
f(x) = sinx
f(60°) = sin 60°
= 0.8660
Using

fix +8x) ~ f(x)+dy
f(60° + 1°)= f(60°) +dy
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f(61°) ~ 0.8660 + 0.0087

Sin61° = 0.8747 Ans.
Q.4 Find the approximate increase in the volume of a cube if the length of its
each edge changes from 5 to 5.02
Solution:
Let x be the each edge of cube. Since the length of each edge changes from 5 to
5.02
X = 5,dx=906x=5.02-5
= 0.02
Volume of cube = V= xxxxx
V= x
dv = 3x’dx
dv = 3(5)" (0.02)
dv = 1.5 cubic unit
Increase in volume = dv = 1.5 cubic unit
Q.5 Find the approximate increase in the area of a circular disc if its diameter is
increased from 44¢m to 44.4 em
Solution:

Let r be the radius of circular disc. Since diameter increased from 44 ¢cm to 44.4

cm so radius is

44 44 4
3 cm to —2 cm

22cm to 22.2 cm

r = 22cm, dr= é6r= 222-22
= 0.2cm
dA = nd(@)
dA = 2urdr
= 2m(22)(0.2)
= 27.467 cm”
Increase in area = dA = 27.467cm’ Ans.
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Q.1  Evaluate the following indefinite integrals
(i) J3x*=2x+ 1dx (ii)
i) ) x (/x + Ddx, (x> 0) (iv)
™ Jex +1)dx(x>0) vi)
. [ 3x +2 dx (x> 0
(vii) Jx x(x>0) (viii)
(ix) 01’ do 0 >0) (x)
/6
= 2x X
(xi) £ ; € dx
Solution:
(i) f(sx"' —2x + 1) dx

(iii)
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EXERCISE 3.2

= x3—x2+x+c

B .
= 3 X2+ 2\5{ +c

Ix(\E + 1)dx
= I(X\/; + x) dx

= _[x.xlédxﬁ[xdx

= 3 szdx -2 _‘xdx + [dx

o

= - +x+c¢

3 2
Ans.

+é )dx (x>0)

dx
= .[\/;(dX+.[\/;

= J.xl/ZdXJr_"x_%dx

3

+ +C

b — |7,

X2
3
2

(x> 0)

Ans.

( x+$}dx(x>ﬂ)

l (2x+3}%dx

. 2

. [\/; -ﬁ)dx(wm
Ay (y+1)

dy, (y>0
y Y, (y>0)

" (1 —/x)°

\/; dx, (x> 0)



(iv)

v)

(vi)
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_[x%dx+_[xdx

|>5.>|m
+
Slie®
+
o

b3 |th

+
ie®

+

L]

Ans.

Wi o
54

fax+3)"4d

- I(2x+3} 2dx

+
o]

b | —
3
)
b2 | +
d
o | L

3

2x +3)2
%—i—c Ans

[o/x +12dax x>0)

Jler +2 6% () + (1] dx

_[xdx+2 _[x dx +,[dx

ol
X S
Y x+tc
2

—+5x2 +x+¢ Ans.

10
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(vii)

(ix)

I},’i (v+1)
y
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2
E —2x+ /nx +c Ans.

if dx (x > 0)

3x

2
I(\/;‘*‘\j;)d)(
j(?:xl_ g ZX%) dx

SJAX%derZ_“x_%dx

d
-
[ ¥
b | —

2x

+ +c

MIM‘

1
2
2x2 +4\/;+c Ans.

(y>0)

.E(Jrl:d
. \/;’\E’ y

o
[ 1%

4
Jo"7 vy dy

. yédy+f y " dy

+ +c

N'wﬁglm
1=

3 1
y2+2y2 +c¢ Ans.

Wb

12
I Q%L do © >0) (Guj. Board 2006)

11
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jolbr-2amm+ar o
/0

(6 -2/0+1

) \/6 do

(6 26 1

J [\/5_\/5 +\/6]d8

A

| © =240 "0

oy 1

Jo™a0-2 Jde+fe-/5d9
o

- 26 —i—T +c

2

M“—“‘%Iw

3 Va
2-20+20  +¢ Ans.

Wb

2
1_\5" dx x> 0)
[ (1Y =2 (1) ([x)+([x)
) \/;{ dX
[ 1-2+/x+x
J \/; ClX
(L 2x  x
} (\/2—{— \f;( +\E{}dx
_(xTI—2+x"L”5)dx

) Q?dx—Zde+ x2 dx
3

Lol L

2

X X
l—2x+§+c
2 2

1 3
b@—2x+§x2+c Ans.

2x + ex
ex dK

(Lhr. Board 2006)
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[t dx
- ex
= | {e + 1) dx
= Je'dx + Idx
= e'+x+c Ans.
Q.2 Evaluate
. [ dx ﬁ+a>0) . [ 1-x
® “yx+a+y\x+bXx+b>0 e
iy | —2— x>0,2>0) - ' >
. Mﬂﬁ ; (iv) J(a—-2x)2dx
(1 + &Y’ i
v iTeL dx (vi) ] Sin(a+b)xdx
o ol 1
(vii) J ~/1-cos2x dx (1 —cos 2x>0) (viii) J (/nx) x = dx (x> 0)
. [ . 1 (__7‘ ]
(ix) J sin'x dx (x) _[ 1 + cosx dx ) <x<m/2
+ b
« | asz‘be T odx (xii) I cos3x §in2x dx
Cos2x — . 2
(xiii) I 1 + cos2x dx, (1 + cos2x # 0) (xiv) I tan"x dx (Lhr. Board 2011)
Solution:
_ I dx G ra> 0)
@ Jx+a+x+b +b>0
[ dx \fx +a— \fx +b

N’x+a+\/x+b \Jx+a-1/x+b

\fx+a—\/x+b d
* Jcray by
-\/x+a—\lx+b

R Xxt+ta—(xt+Db) dx

- s %S
(x+a) = (x+b)

T x+a—-x—-b dx
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(ii)

(iii)

Punjab | 12th Maths | Ch # 3

= aib J‘[(X“La)l/z—(x—b)%] dx

N aib [I(’i*a)%dx—.[(x—b)%dx]

3 E-I
2 2
| (x +a) _(x+b) i ‘e

a-b| 3 3
2 2 J
2 3 3
- 3(a—b) [(x+b)2-(x-b)2]+c Ans.
I 1-x°
1+ X (Lhr. Board 2008)

2
= J‘ [—1 +mzjdx

l +x° | —x°
Tl X
2

= —jdx+2,[%z

= —x+2tan" x +¢ Ans.

d
| e ernaeo

_ j dx 5 \/m_&

- I Lty dx
(/x+a) - ()’

)
J'(x+a) - X

Xxta—x

dx
1 2o VY
S IR GENE P

V%
dx—J.x 2dx]

Va

= i[J.(Ha}

14



(iv)

v)

(vi)
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3 3
1| (x+a)2 x2 N
a3 T3] 7Ff
2 2J
2 3 3
= ﬁ[(x+a)2—x2]+c Ans.

I (a—2x)"* dx

~1
= - !(a—zx)”—zdx

_ ozl @=20"
- 2 s ¢

]
= 5 (a- 2x)"% + ¢ Ans.

1_'_13
ji_Ede

X

[ar=say GRED (GO,

[ 1 +3e" + 3™ + ™
= X dX

[ (1 +3c“+3c2x+c3") d
= S+ x+ =+ x| dx
¢t e ¢t et

= ] (@ +3+3e"+ ™) dx

1 1
= - ,[ c"‘—dx+3_‘dx+3jcxdx+—jczx.2dx +5

2

_ 1
= —e"+3x+3&:"+—262"+c Ans.

J.sin (a+ b) xdx

1 :
= 2+b I sin (a+b) x. (a+b)dx

15

Ic”‘" . 2dx
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= a+b —cos(atb)x+c

= Ta+b cos(atb)x+c Ans.

(vii) I 1 —cos2x dx (1 -cos2x>0) (Lhr.Board 2008, 2009)

J' : "+ cos 2x = 1 — 2 sin’x
N, 2sin’x

)
2sin” x = 1 — cos2x

\]E Isinxdx
= \/E (—cosx)+c¢

= —1/2 cosxtc Ans.
1
(viii) J. (4nx) x - dx (x>0)

(/nx)*
5 +c Ans.

(ix) I sin’x dx

"+ cos2x = 1 — 2 sin’x

_ I 1-cos2x dx 2sin” X = | — cos2x
2

. > 1 —cos2x

SiInX ="

= % J(l — cos2x) dx

= %jdx—iJCOSZx.de

1 1
= 5 x—Esin2x+c Ans.

1 —n n
x) Il+cosxdx (2 <X<2)
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‘. c0s2x = 2 cos’x — 1
7
2cos” x =1+ cos2x

7 X
2cos” 5 =1+ cosx

Ans.

17
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. ax+b
(xi) I ax’ +2bx + ¢

dx

2ax +2b

1
= 5 ) o obx e &

1
= 5 In(ax’+2bx +c|+¢ Ans.

(xii) J. cos 3x sin2x dx

|
7 I 2cos3x sin2xdx

% j [sin (3x + 2x) — sin (3x — 2x)] dx

* 2cos o sinf} = sin (o + ) — sin (o — )
= % J(sinSx — sinx) dx
-1 [IsinSxdx —Jsinxdx]

= %[%J‘ sinSx.Sd.x—_[sinxdx]

]

1 (— cos5X ) N
= 35 5 cosx | +¢

2 5

cos2x — 1
I 1 + cosdx dx, (1+ cos 2x# 0)

-1 5
= — (M— cosx)Jr C Ans.

(xiii)

B [ 1 - cos2x
~ T 1+cos2x

-~ ‘2
ZSII]Xd
= — | — = dx
* 2cos’x

-

= — Jtan’x dx
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— ,[ (sec’x — 1) dx

= - .[seczx dx + jdx

= X—tanx +c¢ Ans.
(xiv) J.tanzx dx (Guj. Board 2005, 2007) (Lhr. Board 2011)
= _[ (seczx —1)dx

,[ sec’ xdx—J.dx

tanx — X + ¢ Ans.

www.u\;stad360.com :
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EXERCISE 3.3

Evaluate the following integrals.

o |22

Solution:

I
2
ﬁ
I
4

b
_1_
o

Ans.

www.u§tad360.com :
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dx
- : 1 1
g X +ax +4-4+13 jmdx__tanl(§j+c
_ dx
T x+2°+9
- dx
- (X+2)2+(3)2
1 (x+2
= jlan 3 )¢ Ans.
2
Q'3 p 4 _T_ xz dX
Solution:
2
4+x dx
[(1-222) 1
I qe )& PRI
ﬁ
—4
4x dx B 1 (x
= x-—2tan’ (2] + ¢ Ans.
4 . L d
Q. J ximx ¥
Solution:
1 — —
) Xinx & I[F(X]J L P (x)dx = In [f(x)]+c
1/x f(x) = nx
= Inx dx
nx 1
= In(lnx)+c Ans. P(x)=%
e
Q-5 J. ex+3 dx
Solution:
ex
= " +3)+c Ans.

21
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+b
Q.6 I X 77 dx
(x> + 2bx + ¢)

Solution: “h f(x) = x> + 2bx + x
,[ 2 ]:/2{1}( f(x)=2x+2b
(x> + 2bx + ¢) f(x)=2(x+b)

1

] ] —/2
= EI(X‘+2bxc+c) .2 (x+b)dx

Ve

2
(2x + 2b) dx

= %J.(x2+2bx+c)

, v,
(x*+2bx + ¢)

1 n+1
- = f(x
2 1 e J (001" £ (x)dx = un{]l— +¢
2
= /X" +2bx+c +c Ans.
Q.7 [ Sec’x (Lhr. Board 2005, 2008)
Y Jtanx ' ’
Solution:
e
| cC X dx
/tanx
- VA f(x) =tan x
= j (tanx) . Sec’x dx f(x) = sec’x
Vs
(tanx) f n+1
-t I oo oo - TR0

2
= 2+/tanx +c Ans.
dx 3 3
Q8 (a) Show that jﬁ =n(x+\x"-a")+c

X —a
2
a X
(b)  Show thatj al—x'dx= £y sin”'x + a Jai-x? +e¢

Solution:
(a) Taking

j dx
\(x7-a%)
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Put
X
x =asecl =  sec =4
dx = a secO tan® dO

[ a secO tand dO

a’sec’® —a’

[ asecO tan0

= do
" AJa(sec’® — 1)

[ a secO tan0

) e

[ a secO tand
- tan0 do

= ) secb do

= [n(secO + tanO) + ¢, X

2 2
X X —a
— ln [g lazj Cl

2 2
XTyXx —a
= In[ )+c] a

) _P
= Im(x+\x*—a> —In()+c P22 2 tand ="
= ln(x+\/ﬂ)+c wherec = —/ma+c¢; p_ [2_ 2 x—a”

Hence proved.
(b)  Taking
e &

) . X oo (x
Put x=asinf = s1n8=a :>G=s1n][;)

4

dx=acos0dB = 0O=sin —

= ,[ Ja’ — a’sin’0 . acosO df
I\paz(] —sin’®) . acosO do

www.u\;stad360.com :
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Ia AJcos’® . a cosB do

= a’ JcosO . cos dO
= a JcosO dO
= g2 [ 1+ cos20 0 "+ 0820 = 2cos’0 —1
) 2 2c0s’0 = 1 + cos20
e 1+c0s20
a
= 5 ) (1+co0s20) do COSEB=T
aEJ’ a"“J’
= 35 d8+3 c0s20 do
B ie_i_a_z 5in20 a <
T2 2 2 ¢
2 2
a X a .
= Esmlg +7 - 2sind cosh + ¢ 6
B
2 3 2
a . X a X a—x 2 52, .2
= — — 4= = =B" +
2 Sty T . T¢ a,‘ B¢ cos B ="_
a’ X X B =a’—x’
_a . aX X , —2
= Hsm a+2m‘a X" tc¢ B=-/a2_ ¥ _Na—X
a
Hence proved
sin 0 =

Evaluate the following integrals

d
0s [en

Solution:
I dx
(1+x%)
Put x = tanf
dx = sec’0do
2 2
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_ Jsecze &0

sec’0

_ de ©

secO

= _[COSB do

= sinf + ¢

T i+ S

1
Q10 J 153 tanx ¥

Solution:

1
)0+ tan'x

1
1+ x°
,[ - dx
tan X

In (tan_lx) +c

Q.11 I’\f':t:

dx
Solution:
1+
,[ = dx
1—x
B [ [1+x 1
N ’ 1-x 1
[ I +x
.1+x
= J ril—xzdx

Punjab | 12th Maths | Ch # 3

25

P
S osin® = o H x=p
in 0 X
sin :\/—2
1+x 9
—
B=
H?=1+x’
AnS. 1 + X
© f(x) = tan ' x
C f(x)=
Ans.

L.C.M Breaking
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- s

_ dx lJ. 2 ~72
= jm—z (l—X) L —2x dx
Y5
| (1-x°)
= sin” X — 7 f +cC
2
= sinlx —1-x* +¢ Ans.
sin®
Q.12 1+ cos’0 do
Solution:
I sind
I + cos’0 do
Put
cos 0=t
—s1inb dO = dt
dt
99 =50
- j sinf _ dt
B 1+t " —sind
3 dt
B “+e
= —tan ' () + ¢
= — tan"'(cos 0) + ¢ Ans. o t=cosO

ax
Q.13 I\/ﬁ dx

Solution:

www.u\;stad360.com :



Put
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ax
J 2 (x2)2 dx
x2 =t
2xdx = dt
dt
dx x
ax_ dt
I_¢ 2%
a I dt
2 I_¢2
a g (E) n
5 sin c
3
% sin”! (X—J +c Ans.
a
dx

\i’?—ﬁx—xz

Solution:

I\f?—ﬁx—xz

dx

dx
i \]—(x2+6x—7)

dx

T - (X +6x+9-9-7)
dx

- [(x +3)* = 16]

27
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dx
- j\.’lﬁ—(x+3)2
dx

'[ \](4)2 —(x +3) _[ ! dx = sin' G]Jr v

. q(x+3
= sin 4 +C Ans.

Q.15 .[

COSX

sinx Insinx 9% (Guj. Board 2008)

Solution:

COSX
Ifdx

sinx /nsinx
Put

Insinx =t

s
sinx

——cosxdx = dt

sinx
COSX

dx =

COSX sinx
= ; *x — dt
SINXt  cosx

_fa

= Int +c¢

= In (In sinx) + ¢ Ans. ot = fnsinx

I
Q.16 I cosx ( z S“"‘) dx  (Lhr. Board 2005)

sinx
Solution:
j (m sinxj
COSX |
sinx
Put
Insinx = t

www.u\;stad360.com :
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Sinx SOsX. dx = dt
SINX
dx = —_
COSX
B I ( t ) sinx d
N COSX {sinx ) * cosx t
= jt dt
2
= = +
5 te
L0
= UHS%L +c Ans. “t = fnsinx

xdx
Q.17 ‘|.4+21(+x2

Formula used

Solution: J' y
) Hx)™"] Fx) dx = fnfx) + ¢
I xdx X
Ar2x+ X J‘mdx=‘tan](a)+c
o Ifat2-2
- 294+ 2x x> WX

1 J‘( 2x +2 2 )dx
B 2 4+2x+x°  4+2x +x°

1 [ 2x+2 2_“
- 29 4+2x+x° dx = 4+2x+x
1 2 I dx
= o hxXEXx+h-) S 4

1 2 dx
5 In(x"+2x +4) - x+1)7+3

= —ln(x +2x+4) - _[

(x+ 1) +(\/_)
= % In (x> +2x +4) - % tan ' [XJEIJ+C Ans.
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X
o8 [ iguis o

Solution:

j X
X +2x°+5 dx

I X
- (x°)° +2x"+5
Put

dx

x2=t

2xdx = dt

dt
dx = 7%

I
N £+2t+5 2%
[ dt

tC+2t+1-1+5

dt
_dt

(t+1)"+4

I | =
€

b=
[

dt
(t+ 1)z +(2)

1, (t+1
. Etan (T)+c
L (Xz * 1)
4 tan B +cC
Q.19 I[cos [\&—ﬂ] X(ﬁ—l)dx
Solution:

s o

1

= 2](:05(\&—%)%% (T

b9 [ =
e ]

b | =

Ans.

30

t =x
fx) = x 5
f0 = 752
w4k

—l]dx
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Jos -2

= 2sin(fx —3)+e Ans.
x+2
20 I
Q. Jx+3 dx

Solution:

I X+ 2 q
X+ 3 X

Put
AJx+3 =t
x+3 =t = x=t"-3
dx = 2tdt
2
t'—3+2
- e
t
= Zj(tz—l)dt
= 2 tzdt—ZIdt
2t
= ?—2t+c
2 3
= _3(x+3)2—2xix+3 +c Ans.

Q.21 I Sinx + cosx 91X (Lhr. Board 2008)

Solution:

[ a2

SINX + COSX

1
= J.l dx

@ (sinx + cosx)

31
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B I dx
- T 1

\/5 sinx + E COSX

B '[ dx
B T

COSX COS 4 + sinx sin% “ cos ()= cosacosP +sina sinP
Y [ S

cos (x — %)
= ,[ sec [x — EJ dx
= In | sec [x—%) +tan(x—%)| +c Ans.

dx

Q.22 I 1 NE

= sinx + COSX
2 2

Solution:

n| * sin(otB)= sino cosP + cosasinf

i T )
S1INX COS g + c0osX sin 5

B jd_x
o snfsed)
sSin | X 3

Icosec (x+ %) dx

lnlcosec(x+%)—cot(x+§)+c Ans,

www.u\;stad360.com :
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(i) )
(v)
(viii)
(xi) )
(xiv)

(xvii) J

Inx dx

) X’ Inxdx

2cs
Jx“Sinxdx

x° tan 'dxdx
. -1
X sin” xdx
2
X cos"xdx

(xx) |

In (tanx) sec” xdx

= X Isinxdx—j [J‘sinxdx‘ d%(x)] dx

Ans.

EXERCISE 3.4

(iii) I x/nx dx
(vi) I x* Inxdx
(ix) I X" tan” xdx
(xii) _‘. x> cosx dx
(xv)  Je'sinx cosx dx
(xviii) Jx sin’xdx
P
. X sin" X
xxi —
(xxi) ] Ji-¥
— 1™ function

And oo ar

(Guj. Board 2006) (Lhr. Board 2006)

o Inx —

Q.2
functions are defined.

(i) _.xSinx dx

(iv) ..lenxdx

(vii) ,.tan'l x dx

(x) ,,-Man'1 xdx

(xiii) Jsin™ xdx

(xvi) _.x sinx cosx dx

(xix) _' (Inx)’ dx

Solution:

(i) ,[x sinx dx
= —xcosx—_[—cosx. 1 dx
= —X COsSX + Icosx dx
= — X cosx + sinx + ¢
= SINX — X COSX + C

(ii) I Inx dx
= Jlnx C1dx

1" function

1 » Aand o
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(iii)

(iv)

v)
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= Inx de —,[ [ fdx . (% (Knx)] dx

1
= !nx.x—_[x.; dx

= x!nx—_[dx

= xhx—-x+c Ans.

Ix Inxdx (Lhr. Board 2006, 2007, 2008)

= nx _[xdx —I[ [xdx. i(mx}] dx

34

2 2
= Inx XE - I% - dx .+ Inx 1*" function
x> Inx 1 I X — 2" function
= 7 T2 xdx
B Xmhx 1 x N
- 2 ~2-2 °°F
B x“Inx x_‘j‘ N
- 2 ~ 4 7°¢
1 , 1
= 5 X (Inx-5)+c Ans.
2
,[x Inxdx
= !nx,[ 2dx — ,[|: d (lnx)u dx
- j'% - "+ nx 1* function
X x’ — 2™ function
B 3£nx 1 I
B 3 3
_ xXhx 1 ox
N 3 733 °°
x> ]
= 3 (Inx — 5) + c Ans.
j x’Inxdx (Lhr. Board 2007) » fnx  — 1™ function
x> — 2" function

www.u\;stad360.com :
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(vi)

(vii)
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j x'Inxdx

)ﬂ dx

35

)l} N

x* N

15(

2™ function

function

d
3 3 a
Inx_[ X dx —j[fx dx'dx (Inx
4 4
X X
!nx.4 —,[4 .Todx
X'nx 1
4 —EIdex
xmhx 1 x_4+
4 44 7€
4
1
XE (Inx -3 )+¢ Ans.
lnxj xtx — I[Ifdx di (Inx
X
5 5
X 1
:’m{.5 _IS .xdx
xXnx 1],
5 _SIKdX
X" Inx 1 x_5+
5 55 ¢

Ans.

,[ tan”xdx (Lhr. Board 2011) (Guj. Board 2008)

J tan 'x . 1 dx

tan™’ x,[ dx—,[ [[ax .d—i (tan”"

1

X O

tan 'x . x—,[

1 2x

=1 il
xtan X-5 T3 dx

» tan 'x — 1% function
X — 2™ function
x)] dx
wofx) = 1 +x*
T ime™n e M
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1 2
= tan"x—i m(l+x")+c Ans.

(viii) j x* sinx dx

= X .[Sinxdx —.[ [Sinx dx. i (xzﬂ dx wX — 1% function

. d .
sinx — 2" function

= xz(—cosx}—j—cosx.Zxdx

|
= —X"cos X +2 Jx cos x dx

= _xzcosx+2[xsinxdx—,[USiHXodX‘_%(X}] dx]

2 . .
C eosx+2 [x sinx  Jsinx dx] T
X“cosx + 2 | X sinx — Jsinx dx oy — 1% function

P o ooAand g

2 .
= —X" cosx + 2x sinx — 2 (—cosx) T ¢

2

= — X~ cosx + 2xsinx + 2cosx + ¢ Ans.
(ix) le tan™'x dx (Lhr. Board 2006, 2008)
d _ .. -1 st g .
= tan™! xJ.xzdx—I [xzdx. dx (tan lx)] dx - tan ' x — 1" function
x> = 2™ function
= tan”' x. I—. 1+ dx
x3tan'1x 1 X X

= —- > J—==dx

8 3ol v l+x2"\,‘x'
B xtanx IJ'( ]x ;
- X X

3, -
X'tan x l 2x
= 3 _[xdx +35 3791+ 2 dx

flx) = 1+x°
f(x) = 2x
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-~



Punjab | 12th Maths | Ch # 3 37

In(l+x%)+c¢

1
—%Jrg In(1+x%)+c Ans.

www.u§tad360.com :
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(x)

(xi)

,[ x tan”'x dx

Punjab | 12th Maths | Ch # 3

tan” x jxdx —J [ [x dx. di (tan"'x) ] dx

1

= tanx2 _[ .ITde

xtan x
2

x‘tan_ X
2
xztan'lx
2

x’tan”'x

2

= G tan x](x t1)-5

_[ X tan 'xdx

= tan"' x ,[x3 dx —J. [xsdx

= tan'x .

x4tan'1x
4

x*tan'x

4

4. —1
X tan X

x'tan 'x
4

N

N

S (-1 )ex

] 1 d
jdx+ ITK

1

1 .
—§x+ E tan 'x+c

|
XTcC

(Guj. Board 2007)

. % (tan_]x)] dx

2N

| x

~2 T o2 dx

1+x

38

1
‘' fan X —

‘L
1* function

And oo e

Ans.

1+ x4 X

+X 1

L tan]x ¥

-
--‘)

. <
1™ function

""ind s ndl nea

Ans.
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x cosx dx x> — 1" function
cos x — 2™ function
X Icosxdx —_l. [Cosx dx d (x3)] dx
“dx
3. I : 2
X sinx — Jsinx . 3x” dx
3. 2
X“sinx — 3 Jx” sinx dx
X sinx — 3 [ X"~ Jsinxdx — ] | sinxdx .a(x ) Jdx ]
X’ sinx — 3x” (= cosx) + 3 _[— cosx . 2xdx
X sinx + 3x” cosx — 6_[ X cos X dx
3. 2 : d
X“sinx + 3x” cosx — 6 [x cosxdx — ] (Jeosxdx . dx (x)) dx]
X° sinx + 3x’cosx — 6x sinx + 6 Jsinxdx
X’ sinx + 3x> cosx — 6X sinx + 6 (—cosx) + ¢
(x” — 6x) sinx + (3x” — 6) cosx + ¢ Ans.
sinx”! x dx
J sin” ' x . 1dx . -1 st :
‘ . - sin X — 17 function

1 . oAand oo

sin ' x jdx—j[jdx . % (sin_]x)ﬂ dx

1

Vi &

1

,—
x sin” x + % I(l—x‘) 2.—2xdx

sin'lx.x—jx.

Nz
.-l l(l_xé)
X Sin x+517+c
Vo
xsinTx+/1-x> +¢ Ans.
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(xiv) Ixsin"xdx

Taking

Put

sin”'x Ix dx —I [jxdx dix (Sin'lx)] dx

2 2
X X 1
sin X 2—_[2. = 5 dx
xzsinx+l 1—:»:2—1d
x*sin"'x 1 1-x dx

1
2 T2 % J\fl—xz

25 -l
xsin x| j 5 |
+_ . _ -
7 > I —x"dx 5 sin X
x’sin'x 1 1 .

7 +EI—Esin'x _—

I 1-x% dx
sind —  0=sin'x
cosH do

] /1 =sin’0 . cosBdd
] Jcos?® . cos0do

) cosb . cosH dO

] cos’0do

40

15(

< sin'x function

1 coAand e

(1)

© €080 = 2cos°0 —1

1 +cos20
I 5 do

cos 0 =

% J(l + c0s20) do

2¢05%0 = 1 + cos20
o 1+ cos20

2

www.u§tad360.com
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Where
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1 1
| = EIdB“LE c0s20 . 2dO
| |
I = §9+Z sin20 + ¢
NI I
I = 5 sin x+4.251nﬁcosﬂ+c
| | 5
| = 5 sin x+5xxfcosﬁ +c
1 1 5
| = Esin'1x+§xx('l—sin‘9 +c
I T | 5
| = 5 sin x+2x l1-x" +¢

From equation (1)

2. -1
. xsmx 1p1., 1 1.
= > 13 [25111 x+2xm‘1-x2]—251n x+tc

2 . -1 2
X" sin X 1 X A1 —x |

.| ]

= 0  + + -5 +
5 4 SN X 4 H S X +¢

B x’sin”'x 1 . X 1-x N A

j e sinx cosx dx

1
= 5 I ¢” 2 sinx cosx dx

1
= ) _[ ¢" sin2x dx

1
= 5 I & (1)

- e¢*  — 1% function

[ = € sin2xdx sin2x — 2™ function

. —C0s82X —C082X
= ¢ .7, —_[ 7 e dx

_¢e'cos2 |
= Lz L 5 Jexcoshdx
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1

B _e'cos2x 1 [ . sin2x j sin2x |
= 5 tole Ty - 5 -¢ dxj
. X st .
| _efeos2x  &sin2x lj = se — 1" function

I - 5 T4 —giesin2xdx cos 2x — 2™ function

_e'cos 2x  e'sin2x |
I = > + 4 -2 I+¢
[+ I _e'cos2x . e'sin2x ie

4 > 4

51 _e"cos2x  e'sin2x
4 T 2 T4 e

_4e*cos2x  4e’sin2x
e T R
I - 2e” cos2x N e'sin2x e

5 5

From equation (1)
1 (_Ze*coslx N e"sian]_’_ .
2 5 5
< sin2x
= 5¢ (—cos2x + 2 )+ ¢

sin2x
2

1
= <" [~ (1 - 2sin’x) +

5 I+e

1 1
= 5 ¢* (2sin’x — 1 + 5 sin2x) +¢ Ans.

(xvi) I X sinx cosx dx

1
= EIX . 2 sinx cosx dx

1
= > _[ X sin2xdx

B 1 — CcOs2x I — cos2x
= ke ol
—x cosZ2x 1

= TJrEJ.costdx

B —X €c0s2x +l sin2x N
- 4 4 2 ¢

X — 1™ function

. 1dx] sin2x — 2™ function

1 2 sinx cosx
= Z(—XCOSZ)(—I-f)—FC
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|
2 (sinx cosx — X c0s2x) +¢

X cos’x dx

+ -
JX (1 Eost) dx

% _[ (x +x cos2x) dx

1

5 Ix cos2x dx

%dex+

1

X" sin2x B J.

1 sin2x
7 T lx. 3

) 1 dx]

b =

X sin2x
4

2
1
XIJF -2 JSian dx

x_z WX sin2x 1 (— cos2x ) N

4 4 40 2 ¢
l 2 ; cos2x
4 (x” +x sin2x + 3

)+c Ans.

(xviii) j X sin’xdx

1 - 2
Jx[—czos Xde

%J‘(x — Xcos2x)dx

% dex - % ,[ xcos2xdx

| sin2x Jsian

|

Ans.

43

X

- e ooAand o

— 1™ function

cos2x = 1 — 2sin’x

.2
2sin"x = 1 — cos2x

sin

2y =

1 — cos2x
2

.%—E[x. 5 > .ldxu

xsin2x 1| .
-4 T3 j sin2xdx

X

cos 2x — 2™ function

— 1* function

X xsin2x+l —C082X |—|
4 4 3 I
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bl .
X~ Xsin2x cos2x

- 44 Ty Te

1 |
4 (}:2 — X8in2x — 5 cos2x) +c Ans.

(xix) j{a’nx)z dx

 (Inx)> — 1" function
= J(;nx)z_ldx 1 — 2" function

- Jax-) [fax d%{ ()] dx
= UHX}E.X—I x.Z(Inx).i dx

= X (Inx)* -2 Iinx 1 dx

— x (o’ —2[xdx—) (Jax. L) o]
= x(_lnx)z—Zlnx,xﬂLZJ.x.idx

= x (Inx)* — 2x/nx + 2 J dx
X (Inx)” = 2x/nx + 2x + ¢

= Xnx (Inx -2)+2x +¢c Ans.

(xx) I In (tanx) sec’xdx

d
- In (tanx) _[ sec’x dx — _[ [_[ sec’xdx . dx In (tanx)l} dx
= In (tanx) . tanx —,[ tanx l sec’x dx
' " tanx
= tanx /n (tanx) — _[ sec xdx
= tanx /n (tanx) — tanx + ¢ Ans.
Alternate Method
Solution:
[ = fan x
dt = sec” x dx
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(xxi) Ix sin
Put

sin”'x

I

A1 - X’
Q.2
(i) _l.tan4x
(iv) J.tansx

Punjab | 12th Maths | Ch # 3

= Ilnt.ldt
= Int.t—_[t.%dt

= t.[nt—,[dt
= t.lnt—t+c

= tax X /n (tanx) —tan x + ¢

V-2 &

=t = X = sint

dx = dt

dx = +/1-x" dt
JSir—I: t_xxg X m dt

45

jt sin t dt

‘IST

t — function

sint — 2™ function

t_[sintdt—_[ “sintdt.% 0] dt

t.—cost—,[—cost. 1 dt

—tcost+sint+c 0t = sin X

] 7
—8ln  XJcost +xXx+c
- )
X—sin x\/l —sin“t +¢
3 . -]
X—\“—X sin”- x +¢ Ans.

Evaluate the following integral.

dx (L.B 2009) (ii) I sec’x dx

secx dx ) Ix3 e dx

(iii) Ie" sin2x . cosx dx

(vi) I e ‘sin2x dx
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(viii) I cosec’ x dx

Solution:
(i) I tan* xdx

= ,‘tanzx . tan’x dx

= Jtan’x (sec’x — 1) dx

= _- (tanzx sec’x — tanzx) dx

= _-tanzx sec’x dx — I (sec” x — 1) dx

3
= tar; 2 _ J sec’xdx + de
tan’x

= 3 —tanx + X +¢ Ans.

(ii) I sec’ x dx

(1ii)

2 2
= Jsec” x . sec” x dx

Jsec” x (1 + tan’x)dx

2 2.2
= J (sec™x + secx” tan"x) dx

,
) sec’x dx + Itan‘x sec’ x dx

tan’x
= tanx + 3 +¢ Ans.

I e sin2x cosx dx

46

J e* 2 sin2x cosx dx ‘

2sina cos B = sin (atP) + sin (a—P)

e” [sin(2x + x) + sin (2x — x) ] dx

J (e"sin3x + ¢” sinx)dx

. I .
Je" sin 3xdx + 5 e” sinx dx

1
ll+§

L @ — (2)

M= M= M= = =
* L]
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Ie"‘ sin 3xdx

e"j sin 3xdx—_[ [_[sin?xxdx‘ % {e")] dx

« [~ cos3x —cos3x
e( 3 )—,[ 3 .edx

—¢e'cos3 1
€ (’(;S 2 3 ,[e" cos3 xdx

e*cos3x
3

_e*cos3x 1 , sin3x lIsian .
3 T3¢ 3 T3¢ 3 ¢

3 3¢ 3
_e cgsSx L 519n3x _% j & sin3xdx
_ e'cos3x e'sin3x 1
3 T 9 “olifa
_ e'cos3x N e*sin3x ‘e
3 9 !
_ - e'cos3x N e sin3x ‘e
3 9 !
— 9¢*cos3x N 9¢’sin3x |\
30 90 !

_ 3e*cos3x - e"sin3x N
10 10 €1

Iex sinx dx

e j sindx —_[ [fsinxdx . dix (e")} dx

e" (— cosx) — _[— cosx . e dx

—¢* cosx + _[ ¢" cosxdx

—e“cosx +e" _[cosxdx — _[ [fcosxdx ) c?_x (e")

—e" cosX + € sinx — j-sinx e"dx

—e*cosx +e*sinx — I, + ¢,

|
|

1
+3 {:ex JcosSxdx — ,[(_[ cos3xdx . (?_x (e")dx)

dx

47

|
|
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(iv)
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21, = —e*cosx + " sinx + ¢»
[ ~ —¢"cosx . e*sinx N
2 ) ) C2

From eq. (1)

1 [_3excos3x e'sin3x CJ 1 [—e"cosx

48

e'sinx
Cﬁ]

2 0 10 21
—3e*cos3x  e'sin3x _e"cosx  e'sinx
- 20 T 20 9T T4 Ty

1 .l 3
= 4 " [g sin3x — 75 cos3x + sinx — cosx] +c

,I tan’x secxdx
= Jtan’x . secx tanx dx

= (sec’x — 1) secx tanx dx

2
sec’x . secx tanx dx — ,[secx tanx dx

sec3x
3 —secx +c¢

Ans.
3
Ix3 e’ dx

= X Je* dx —_[ [fesx dx . di;( (x3)] dx

5x

" 5%

= X e?_ e? C3x%dx

3 5x

3

= xﬁe —g_xzesxdx

3 sy

XJG' 3 [ 4o x x d 2

= 5 s _xch dx—j({cs dx.&(x)) dx]

3 53X 3x 53X
_ xe 3, e 3¢’
= 5 53X .73 +SJ 5 . 2xdx

3 5% 2 5x%

e 3x°¢ 6
- KS _ x25 -l—g Ixesxdx

2 5% 6

where

2

+ ¢

cC = ¢+

= X-Se - 3)(2;3 +os [x _‘.es"‘dx —I (fesx dx i (x)) dx ]
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- 5 T~ 25 '25%-5 Tp5d5 -l
- e 3x’e 5"+ 6xe’* 6 sx g
- 5 ~ 25 125 125 4¢ &
B e 3x% 5’(+6xe5x 6 e_sx N
5 T 25 125 " 125 5 €
1 3 6 6
= ges"(x?'—sx +2—)5( ]25)+c Ans.

Ie"‘ sin2x dx

| = ch"‘ sin2x dx
| = Iq1n2xdx ,[ J.sm2xdx d (e’ )J
[ B - 00527{ I - CDSZK e dx
_e cos2 |
| = TX ) je‘x cos2xdx
_e “cos2x 1 d
| = w ) [e_* jcostdx —j (Icostdx Cdx (e"‘)) dx}
_e“cos2x 1 sin2x 1 sin2x .
[ =T —5e 5 5) = (—eMdx
_e "cos2 " sin2 1
| = < c;sx_e inx zjl * sin2xdx
. ~_ecos2x e 'sin2x 1 [+o
B 2 4 4
1. _e’cos2x e sin2x
5 [ L - e “cos2x e sin2x .
4 Q 2 4 ¢
I _ —4eTcos2x  4e”sin2x N
10 20
. ~ _2e"cos2x e sin2x
5 5 *C
_2 sin2x
[ = 3¢ (costJrT)Jrc Ans.

49
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(vii) ,[ e’ cos3xdx
Let
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50

[ = I ¢™ cos3x dx
d
| = ™ Icos3xdx —,[ [ [ cos3xdx . dx (e™) ] dx
[ _ o sir;fwx - I sir;?ax o2 2dx
2% _»
3 2
[ = % -3 _fczx sin 3xdx
2x s
3 2 d ,
[ .~ s;n 2 _ 3 [czx _[sin 3xdx —,[(f sin3x dx Cdx (e‘x)) dx]
e**sin3 2 —cos 3 2[—cos3
. :%_gezx(%)+§f%+262xdx
2x - 2x
e"sin3x  2e"cos3x 4| ,
| = 3 9 -9 _[e‘x cos3xdx
e’sin3x  2e’“cos3x 4
| = 3 9 -9 [+¢
esin3x  2e™cos3x
[+5 [= 3 + 9 +¢
EI ~ ePsin3x  2e”cos3x N
9 ~ 3 9 ¢
[ B 9e™sin3x  18e**cos3x N
T 3x13 13x9 €
. B 3ePsin3x  2e*cos3x N
K 13 ¢
3 2x . 2
[ = 13¢ (sin3x + 3 cos3x) +¢ Ans.

(viii) ,[ cosec’x dx
Let

Icosec3 x dx

2
Icosec X . cosec dx
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= cosec X J.coseczxdx —I [I cosec’x dx . dx (cosec Xﬂ dx

= COSECX.—COtX—J—COtX.—COSECKCOtXdx

2
= —cosec cotx — jcoscc X cot'x

dx

2
= — coSec X cot X — _[cosec X (cosec™x — 1) dx

3
= —cosec X cot X — ,[cosec x dx + Jcosec x dx

= —cosecxcotx—I+/n|cosecx—cotx|+c

= —cosec X cot X + /In | cosec x

-1

=3 [coscxcotx—ln|cosecx—cotx|]+c

—cotx|+c

Ans.

1
Q.3  Show that je“ sin bx dx = ﬁ ¢™ sin (bx — tan™ g )+e (Guj. Board 2005)
a

Solution:
Taking

Let

Jc“ sinbx dx

= I e™ sin bxdx

ax

* e — 1" function

sinbx — 2™ function

e’ _[smbxdx j sin bx dx .

[
_ e‘”‘( bﬂSbX) I —cos bx
Jeo

—e coq bx

(e“ J dx

e™ . adx

a
= +B e™ cosbx dx

_e™cosbx a d
= T +i [e‘”‘ Icosbx dx — J(I cosbx dx . 7 (ea")) dx]
_ _e7cosbx a , sinbx a j sinbx . q
- b b b “bY b ¥
_e™cosbx ae™sinbx a’ I o .
= b + b2 “ptJ€ sinbxdx | .. ¢ — 1" function
_ —c"cosbx ac™ sinbx a’ —_ cos bx — 2" function

b v Y

51
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[+ a’ . _e" cosbx N ae™ sinbx N
- =
b’ b b’ ¢
a’+b’ _e™cosbx ae™ sinbx
S A T

2 2 ax .
~b”e™ cosbx ab” e™ sin bx

[ = b(az+b2) + bz(az+bz) +c
ax
| = a‘zi—bz(asinbx—bcosbx}ﬂLc
Put
a = rcosd —— (1)
b = rSinf — (2)

Squaring and adding equation (1) and equation (2)
a’+b’= 1’ cos’® +1’ sin’0
a’+b*= 1 (00528 + sinZB)

2 27
¥ = a’+b’

r = TTE

Dividing equation (2) by equation (1)
b rsin 0

a rcos0

tan0 = -

ax

[ = Z1b2 [sinbx . r cosO — r sinB cos bx] + ¢
reax

| = Frb? [sin bx cosB — cos bx sinB] + ¢

+b ax
[ = %[sin(bx—e)wc

e : 4 b
= SVF—— _ =1 +
| panww] [sin (bx — tan a )]+ ¢ Hence proved.

Evaluate the following indefinite integrals.

(i) I a’—x* dx (i) j X’ —a? dx (i) J)+/4-5x" dx
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(iv) _"\/3-4)(2 dx v) _[x2+4 dx  (vi) Jx%e™dx

Solution:

(i)

I al—x? dx (Lhr. Board 2007, 2009) (Guj. Board 2008)

Put X = asmnb = sinb = x

dx = acosO do = 0 = sin_'(gj

— Ja/a’ —a’sin®® . acosd dO

= Ja/a® (1 —sin0) . acosd dO

.l

= _aﬂcoszﬁ . acosd do A X

= a’ JcosO . cosB do
. 0
= a’ | cos’0 do B
o f 1+ cos20 a’ 4 B + x*
= a 2 B2 _ a? — x2
B = a’— x

2
- % j(l + c0s20) do

= 5y _[d@ + 5 _[cosZBdB

2 2 2
_ a . -1(X) ax na-x
5 S (o 7 - a C
a’ (% x]{az—xz
= = sin [T+ +C Ans
2 a 2

Alternative Solution

(i)

I\iaz—xl .1.dx
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a2 — x> = 1" function

1 — 2" function

Now

“\,‘a:—x' _[ ]dx—_[[fldx,i\f?—_xz]dx
a—x x—jx ﬂdx
' 2nJak X’
= a—x .X—J.\/?_f—zxz dx
. \/—2—2 J'—az+a2—x2
= X aJa — X — —\/?——xz dx

= x\/;'__xhrazj.\/j; dx—J\,‘a“—xzdx

a —x
. X
= X“\,'a‘—x2+a2.sml(£)— I
X
p) 2 .1 X
X —Xx"+a .sin +
\ja : a .s (a) C

Dividing both sides by 2

x*_\[af—x% a® (x)
I = — | +tc
a

21

? + E sin
(i) x—a’ dx
Put X = asech = sech = g
dx = a secO tanO do

_ J/a%sec’@ — a® . asecO tan® dO

= J '\faz (seczﬂ — 1) . asecH tanf dO

= Ja tan’0 . a secO tan0 dO

= a’ Jtan0 . secO tanO doO

w

= a’ Jtan’0 secO dO

= a’ | (sec’0 — 1) secO dO

351
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[

[
21

[

a’ J.set:}(-]d@ —a’
a’l—a’n | secO + tanB | + ¢

jsecSG do

secO J sec’®

secO tan0 — |

secO tanf — |
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,[sece do
(1)

jsccﬂ .sec’0 do

dB—,[ [[sec’0de % (sec0)] do

tanO .secO tanO do

sech tan’0 doO

secO tanf —

secO tand
2

From equation (1)

secO (sec’® — 1) do

sech tand — sec’® dO + _[secﬁ do

sec tan@ — I + /n [secO + tanO | + ¢,
secO tan® + /n | secO + tanb | + ¢5

1

t5 In |secO + tan® | + ¢

b
a’secO tan0  a’
2 E!n|€ec9+tan9|—a In|secO +tanO |+ ¢; + ¢
a“secO tand sec@ tan@ a’
3 In | secO +tanO |[+c;+ c;
@ x f—a o | £| A x ,
2 "a a 2 Grre
x\x*—a’ a_zj X xz—a2|+ N
7 . n a 7€ 0
x}fxz a
) ——!n|x+\,'x —a’ |+ lna+c|+cz X2 = a2+ P
p? = x> —a’
P = X" —a

X [‘xl_aE 2

2

2

a
— S Infx ++/x*—a’|+c Ans. where ¢

)
a‘.
B Mma+c+c
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Alternative Method

(i) I Jxi-a®  dx

x“—a- — 1% function

| — 2™ function

Let
I = _[\fx"—a' C1odx
1
B N N
X a . X 2.\/;2_—32 ( x)dx
. 2
X
= xx,‘xf—a“ - \/—2—2 dx
X" —a
f 32224 g2
= m/xz—az—, ﬁdx
X" —a
[ d
= X\x"—a” — X —a? dx—azj. zx 5
X"—a
> d
21 = x*\,‘x?—a2 —a -x ........... (1)

We know that
d
I\/—zx—z dx = E’n|x+\fx2—a2|+c
X —a
Putitin (1)

[ = ﬂ—%lﬂ|x+\ff—a‘+c
(iii) I Ja-5 dx

Put
X = 2 sinB = sinB = @
A5 2
2 5
dx = @cose o = 0 = sm"(%)
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- \[_j\/ Sm@]z ) % cos0 do

= 5 5sm{il c0s0do

4
= 2 .’g(l—sinzﬁ) cos0 do

- 2 (%) jm . cos0do

4 [
= T JcosO . cosO dO

= % Jcos™® do

4 [1+cos20
- Gl e
o
5
2

5
= sin”! ( L 2 sinb cosd + ¢
= 1 .
A5 2[5
- (@ 2 \Bx 4-5x° 0
= sin + = . . +C
\ﬁ 2 \[3 2 2
2 5
= Esin_l( 2)( ik % \J4-5x* +¢ Ans. 4 = B+5x
B’ = 4-5%°
4 - 5%°

=

=
|

Alternative Method

I g _‘“\M—sz.l.dx
y \J4=5x> — 1* function

1 . — 2™ function

= \J4 - 5% Ildx—[[idxi\M—sz
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(iv)

Put
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1
= 4 - 5x .x.—_“x.zﬁ_sx (- 10x) dx
— 5x2
= x. 4 —5x° —I 4 };d dx

44455

= X4 —-5x" — J. W dx

= Xx\4-5x" . +4 j \/—2 dx — J.‘\M- 5x° dx
= K'\{'4 5x° +4 J. \/4—)5_ dx — 1

= x4 5x° +%.sin_l [l%]ﬂ:

+ by 2 we know that

1 I T [}[5 x]
_[ D dx = N{gsm 5 Jtce
= x4 5x° 42_5X +% sin”’ (Lgx)Jrc

_[ \J3-4x* dx (Guj. Board 2005)
= j’\M(%—xz) dx
= 2 17 H(SZE]‘— x* dx

RER o x
X =75 sinb = sinf = \/3
_SE _ L—|2_X]
dx = 5 cosh = O = sin [\,@

= 2 \/(lzﬁjz - (lzﬁ sin@]‘ : 32@ cos0do

% %E I\/m . cos0dO
P s

- NE 4 (1-5in°0) cosOdo

58
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3 [SZE) _[m . cos0do

JcosO . cost dO

47

Jcos’® do

1 + cos20
2

-

3
do + 4 I c0s20d0

sin20

[an]
+

GO | |2
)

D
+

. 2 sinf cosO + ¢

Bl B B B B W W W

@
=
iR
P
4I|M
™
S—
+

Alternative Method

I =

Let

\/3 —4x" —

I 3—4x" dx

1*' function

1 — 2" function

3-4x .Ildx—f[]]dxiixb—4f]dx

1
3-4x" . x— ) x N (— 8x) dx
—4x?
J—4x” . x— ] 34 dx
-3+3-4x7
3-4x7 . x- d
Xl o &

x.A\3-4x +3 J\/ﬁ dx—J\{'3—4x“ dx

59

3
2x
0
B
3 = B’ +4x’
B’ = 3 —4x
B =/3-4x
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x.\i3—4xz+3j‘\/ﬁ2 dx— 1
[+1 = xxf3—4x‘+3jﬁ dx

We know that

_[ l dx = sin’ (Ej
a

a —x
= X3 —4x” +§sin_](2—x)+c
v 2 5| 3
I = EX 3 —4x +§sin1[£)+c
2 4 \/3
(v) I\ixz +4 dx
I\Hx‘ + (2)2 dx
Put
X
X = 2tanb = tan(-}=5
dx = 2 sec’0do
- ] \/m . 2sec’0 do
= J\/4 (tan’0 + 1) . 2sec’™® dO
— ]2 sec’® . 2sec’® do
= 4 _'.sccﬁ . sec’0 do
= 4 fsec39 do
= 41 — (D
I = Iscc39 do

= j secO . sec’® do

= secH _[seczﬂ do —J [J sec’0do . % (secﬁ)} do

= secO . tan® — _[ tand . secO tan® do
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= secO tand — Jsech tan’0 do

= sech tand — Jsech (sec’® — 1) dO

= secO tan0 — Jsec’® dO + secO dO

[ = secO tanb — [ + /n [secO + tanB| + c;
21 = secO tanB + /n | secO + tanb | + ¢,
From equation (1)
= 41
= 22D
= 2 [secH tanB + /n |secO + tanB | | + ¢,
_ 4 x 4+x x
x\J4+x 3[4+x?+x '
= +2n + ¢
2 2
0
X4+ x
- A‘zz+2ln|x,‘4+x'+x|—2[n2+c1 2
H = 4+x

H = \J4+x°
4 +
&?+2m|\,’4+x2+x|+c where ¢ = -2 1In2 + ¢
Alternative Method

I Zj.\lmdx

Let
x“+4 — 1" function
1. — 2™ function

s Jrax- ] [jldx.i X +4 | dx

ot
Il

1
= x.“\ix2+4—. x.z\/m (2x) dx
= X.\yx"+4 - ﬁdx

= x.x!xz+4—_ ﬁdx
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x . AXC+4 +4JA\/;21+—4 dx — j\ixj+4 dx
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x.\ixz+4 +4JA\/;21+—4 dx -1

21

X . A\x"+4 +4J'\E21+—4 dx

| = X+ 2[\/—2—4 dx
I - ﬂ@wmuﬂ/xzmuc

1
\/—z+—2 dx = 3n|x+-\ﬂx +a |+C Ans.
X a

(vi) Ixz e dx

X’ Ie“ dx —J. “e“ dx d_(i{ (xzﬂ dx

dax

dx
€ €
= xz——j—.Zxdx
a a

2 _ax
X" e 2
= —EIxea“dx

2 ax
_ X ¢ g jax I ax i -‘
= a —a[x e dx — (_[e dx'dx (x))dxu
x2e™ 2 ™ 2 [e™
- a a‘a 'a‘a 1. dx

= — (x ~a +§)+c Ans.

63
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64

Q.5 Evaluate the following integrals.
) .
(i) J e (; + z'nx) dx (i) ) e*(cosx +sinx) dx
ax SN 1 . [ I (SSinx - cosxj d
(iii)) J e [asec x —X‘\/ﬁ (iv) J e T oginkx ) I
v) ) e* [-sinx + 2cosx] dx (vi) | %ﬁ dx
B mtan 1x
(vii) ) € " (cosx —sinx) dx (L.B 2009) (S) (viii) I
. [ 2x j 1+ x!
() 1 — sinx dx 2 +x)° dx
) [ (1 - sinx X
(xi) [71 _ cusx) e dx
Solution:
1
(i) J. e (;+ !nx) dx -+ f(x) =Inx
1
1 —
= ,[e" (Inx + . ) dx f(x) X
By using the formula
e [af(x)+ 1" (x)]dx=e"f'(x) +¢
= e Inx +c¢ Ans.
(i) ) e (cosx+sinx) dx
By using the formula
J e [afix) + £ ()] dx =e™ f(x) + ¢  f(x) =sinx
= e* sinx + ¢ Ans. OO — o
(iii) e“[a sec”'x + 71[I dx (Lhr. Board 2009)
X \x - IJ
By using the formula © f(x) = sec ! x

_[ e [af(x)+f'(x)]dx =e™f(x)+c¢

sec 'x + ¢ Ans.

eﬂ}{

1
f(x) B o I
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) 3 sinx — cosx
(iv) I e (— ) dx
sin“x
B ax [SSinx COSx) d
4 € (sin’x ~sin’x) 9%

1
_ eh[ 3 ‘ cosx)dx

SinX  sinx ° sinx

el

3
= ¢ (3 cosecx — cosecx cot X) dx

By using the formula

,[ e [af(x)+f'(x)]dx = e™f(x)+¢
= e cosecx + ¢ Ans.

(v) J. e [~ sinx + 2 cosx] dx

By using the formula

_[e“ [af(x)+f(x)]dx = e"f(x)+c

]
= e cosx + ¢ Ans.

(vi) I 5 dx

1 +x) (Guj. Board 2007)

B [ (1 +x— 1)
A

[ [ 1+x 1]
= J e[(1+x)2_(1+x)2u dx
= . ! ] de

YA x T (a+x)7
By using the formula

I e™ [a fix) +f (x)] dx= ™ f(x) +¢

c

= +c Ans.
1+x

(vii)

_[e"‘ (cos x —sin x) dx
By using the formula
e laf(x)+f(x)]dx = e"f(x)+c
e “sinx + ¢

f(x) = cosec x

f(x) = —cos X cot X

f(x) = cosx

f(x) = —sinx

fix) = 7.2

Je‘x (—sin x + cos x) dx
f(x) = sinx
flx) = cosx

www.u§tad360.com :

‘1-\"
-~

65



Punjab | 12th Maths | Ch # 3

mTan x

(viii) J. 1+ dx

_ l I mTan‘Ix m
B m *° 1 +x°
1 ;
= o gmTonlx 4 ¢ Ans.
Alternative Method
Let t = tan ' x
1
dt = 1+ dx
mTan_lx
T d&x = I e™ dx
_ e_ +
_ l mTan~!
= m Xtc
. I 2x
(ix) 1 — sinx
2
,[ xn dx
1 - cos(E )

66

» cos2x = 1 — 2sin’x

.2 X
cosx =1 — 2sin” 5

=

2 sin’ 5= | — cosx

= X Jcosccz G - gj dx — J.[_[ca:)sclc2 [% — %) dx . (% (x) ] dx

Cldx

x — 1™ function

n X nd
cosec (4 2]—> 2

function
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o en(s-3)
- x) 2 [n | sin 472
+cC

2xc0t(z—§ - )
2

2x cot & ] + 4 In sin ( ] Ans.
e (1+x)

(x) J. (2+x) dx

[ e*(1+x+1-1)

= 2+ X)z dx

[ f@rx-1) ) = —

(2+X)2 X 24+ x

. — 1
B J2+x 1] f(x) = g

_ x[l 1.1
B 2+x a+m%

By using the formula

L3

L3

Iéﬂaﬂm+¢%n]dx=e“fu)+c

e?\

= Ans.

(Xi) J. ( — sinx

1 - cosx

b | 4

25111

fix) =
X

_ 2 X (1
f(x) = csc 5 (2)
2em 5 COs 5

_ jcx 1 —- dx f(x) =—5 csc
25in2§ 2 sin

2 X
2
4 X
j ] ) X COS 2]
=S ECOSEC E —

-1 X
= — (jcosec > + cot2 e* dx

(3]
A
b |
e
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By using the formula

Iea* [af(x)+f (x)]dx = e™f(x)+c

X
= —¢" cot 5 te Ans,
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EXERCISE 3.5

Solution:
'[x;ﬂ—{:—lﬁdx
B [ 31x+1 dx
"X -3x+2x—-6
_ [ 3x + 1 i
Tx(x=-3)+t2(x-3)
[ 3x+1
- T (xt2)(x-3) dx
Let

Where A & B are constant of partial fractions which are to be determined.
Multiplying (x + 2) (x — 3) on both sides in (1)

3x + 1 A B

x+2)(x-3)  x+2 x-3

3x+1= A(x-3) +B(x+2)

To find A
Put x+2=0
X=-21n(2)
3(-2)+1= A(=2-3)
-6+1 = A(-5)
-5 = -5A
-5
2
LA = 1|
To find B
Put x-3=0
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X = 3in(2)
33)+1 =B(3+2)
9+1 =35B
5B =10
10
B =%
From eq. (1)
3x + 1 _ 1 N 2
(x+2)(x—-3) x+2 x-3
3x + 1 dx
I(x+2}(x—3)dx - }.;+2+2I

= | Im[x+2[+2m[x-3/+c | Ans.

dx
-3

X

S5x +8
Q2 I x+3)(2x-1) dx
Solution:

I 5x +8
(x+3)(2x-1)

dx

Let
5x +8 A B
x+3)2x—1)  x+3 2x—1 (1
Where A & B are constant of partial fractions which are to be determined.
Multiplying (x + 3) (2x — 1) on both sides in (1)

5x+8= A(2x-1) +B(x+3) N (2)
To find A
Put x+3=0
x=-31in(2)

5(-3)+8= A[2(-3)-1]
~15+8 = A(-6-1)

-7 = _7A
-7
2 =7
LA =1 |
To find B
Put 2x—=1 =0
2x =1
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5 1+6

S+s = B2
5+16 7

2 (Z)B
21 7
2 =2 B
21 2 _
2 *7°B

B = 3
From eq. (1)
5x + 8 1 N 3

x+3)(2x-1) x+3  2x-1
Integrate

5x + 8 dx [ dx 3| 2dx

x+3)(2x-1)  x+3 "2 9% 1

3
= fn|x+3|+§fn|2x—1|+c Ans.

P+3x-34
Q.3 I """ 4x  (Guj. Board 2006)

X2 +2x—15
Solution:
Ix2+3x—34 J
x> +2x—15 '
_ j[u x—19 ]d 1
x> +2x-15) & X2+ 2x— 15+/x% + 3x - 34
J‘ J’ x-19 x> 2x_ 15
= + +
B S Tk 15 *
x—19
B +I x—19 d
B T +35)-3(x+5 D
x—19
= X+J‘(}.;—3)(;f;+5) dx
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X + 1 _— (1)

j x—19 ;
(x-3)(x+5) &

Let

x—19 A B
(x—3}(x+5}=x—3 Tx+5 (2)

72

Where A & B are constant of potential fractions which are to be determined.

Multiplying (x — 3) (x + 5) on both sides in (2)
X=19= Ax+5)+B(x-3)
To find A
Puu x-3=20
X = 31in(3)
3-19=A3+5)
—-16=8 A

To find B

Put x+5=0
-5 1n (3)
B (=5-13)
-8B

X =

From eq. (2)
x—19 _ -2 A 3
x-3)(x+5) x-3 x+5
Integrate

(1_)(3+3j. dx

dx :2'[ X+5

J‘ x— 19
(x=3)(x+95) X
| = 2 |x-3|+3Mm|x+5|+c
From eq. (1)

(3)

Xx—2m|x—3|+3Mm|x+5+c | Ans.
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(a-b)x
Q-4 I(x-a)(x-b) dx

Solution:

j (a-b)x
(x—a)(x—b)

dx

Let
a—b)x A B
(XEa)(x)—b) T x-a x-b (1)
Where A & B are constant of partial fractions which are to be determined.
Multiplying (x — a) (x — b) on both sides in (1)
(a—b)x = A(x—-b)+B(x—a) — (2)
To find A
Put x—a = 0
X = ain(2)
(a—b)a = A(a—Db)

(a—b)a
A
a—b

To find B
Put x-b=20
X = b Ineq.(2)
(a—b)b = B(b-—a)
(a—b)b
b—a B
B = —(b—-a)b
b-a
[ B=-b |
From eq. (1)
(a—b)x __a -b
(x—a)(x—b) X—a Xx-b
Integrate

'[(x(—a;)lzl}ib) dx = a‘[xd—xa _b‘[xdfb

= | alnjx—a|-bh|x—b|+c | Ans.
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Q.5 I 1—x—6x
Solution:

B 3—x d
- Jolo3x+2x—6

B 3-x d
N Y (1=-3x)+2x(1-3x) &

B [ 3—-x d
T Y+ (1-3x) F

Let
3-x A B
Q+20(1-3x) 1+2x "1-3x
Where A and B are constant of partial fractions which are to be determined
Multiplying (1 + 2x) (1 — 3x) on both sides in (1)

3-x = A(1-3x)+B(1 +2x)———— (2)
To find A
Put 1+2x =0
2x = -1
X = Tin(Z)
-1 -1
3o = A[I—B(T)]
1 3
3+2 = A(1+2)
6+1 2+3
2 A( 2 )
7 5
A € 2)“"
Tx2 _ A
2x5
7
A = 3
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To find B
Put 1-3x=0

O W
L | |
—_ U=
Il Il
5 =
— i
+ +
P Wt ™
L .,
| —
T
e

wWloco w|oco W
Il
T
| Ln
——
vs)

8

From eq. (1)

-
3-x 5 5

(1 +2x)(1-3x) 1+
Integrate

.[ 3—-x ?J. dx SI dx
dx= ¢z +
(1+2x)(1-3x%x) 51+2x 571-3x

7 [ 2dx 8 I -3
5271+42x  5x3 Y1-3x

dx

7 8
= ﬁln|1+2xf—§]n|l—3x|+c

2
Q.6 I 55 dx

X —2a
Solution:
2x
'[ X —a’ dx

2x
- j (x+a)(x—a) dx

Ans.
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Let
2x A N B ]
(x+a)(x—a) x+ta x-—a (D)
Where A and B are constant of partial fractions which are to be determined
Multiplying (x + a) (x — a) on both sides in (1)
2x = Ax—-a+Bxta)—— (2)
To find A
Put x+a =0
X = —a in(2)
2(-a)= A(-a—a)
—2a = 2aA
—2a
A - -2a
A=1
Tofind B
Put x-a =0
X = a in(2)
2a B (a+a)
2a = 2aB
2a
B 2a
B =1
From eq. (1)
2x o1 n |
(x+a)(x—a) x+ta x-a
Integrate
I 2x dx = dx +I dx
(x+a)(x-a) &7 dx+a X-a
=| mx+a+hlx—al+tc | Ans.
7 I ., el d
Q. 6x*—5x —4
Solution:
J‘ I
6 — 5x —4 &
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1
- " x2+8x—3x—4dx

. d
X (3x+4)-103x+4) X
. | d
2x-1)(Bx+4) ¥

Let
1 __A N B 0
2x-1)(3x+4) 2x-1 3x+4
Where A and B are constant of partial fractions which are to be determined.
Multiplying (2x — 1) (3x + 4) on both sides in (1)
1 = AGBx+4)+B2x-1)— (2)
To find A
Put  2x-1 =0
2x =1
1.
X = 5 ineq. (2)
()
| = A[ﬂ)
2
2 = A(11)
2
AT
To find B
Put 3x+4 =0
3x = -4
X = _3—4 in eq. (2)
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3 = —-11B

-3
B =1

From eq. (1)
2 -3
1 1 1
(2x-D)(3x+4)  2x-1 3x+4

J‘ dx 1 J‘de 1 J‘ 3
=717 -7 dx
(2x - 1) (3x +4) 11 92x-1 711 ‘3x +4

1 1
= ﬁ!n|2x—]|—ﬁln|3x+4|+c Ans.

2x3—3xz—x-7
2x7 - 3x -2

dx

Solution:

Where

28 -3’ —x-7 A
2 dx 2 3 2
2x"=3x-2 w2x —3)(—2\/2){ -3x"-x-7

_ | x—7 2x% _3x% _2x
- i)« L S

x—7

= J xdx+j X =7

2X° —4x +x -2

dx

x—17
+J’ x(x - 2 1x—2) &

x—7
+I 2x+ ) (x-2) &
(1)

+1

|
Mlxw Mlxw M|><M

x—=7
: - I(2x+l)(x—2) dx
x—17 A B
x+Dx-2)  2x+1 "'x—2 — @
Where A & B are constant of partial fractions which are to be determined.
Multiplying (2x + 1) (x — 2) on both sides in (2)
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x-7 = Ax-2)+B2x+1) —  (3)
To find A
Put 2x+1 =0
2x = -1
X = 7111(3)

m"_
|

-]

||

&=
P
| L
|

[~
R

|
[a—
|
=N
Il
>
N
L
[
£
S

2 2
- 15 -5
2 A(z)
—15}(—2 _ A
A= 3
To find B
Put x—2=20
X = 2m(3)
2-7 = B[2(2)+1]
-5 = B@4+1)
-5 = 5B
-5
B =7
| B = 1|
From eq. (2)
x-7 - 3 —]
x+1)(x—-2) x+1 T
J‘ x—7 dx 3 2dx J'dx
2x+1)(x—-2) 9 2x + 1

3
51n|2x+1|— Inlx-2|+c Ans.

3x2— 12x+ 11
0s | x-1)(x-2)x-3) &
Solution:
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J‘ 3x*— 12x + 11 i
x—1D(x-2)(x-3)

X - 12x+11 A , B C
x-DHEx-2)x-3) x-1 x-2 x-3
Where A, B and C are constant of partial fractions which are to be determined.
Multiplying (x — 1) (x — 2) (x — 3) on both sides in (1)

3 12x+ 11 = AXx-2)x-3)+Bxx-DE-3)N+Cxx-Dx-2)—2)
To find A
Put x-1=20

Let

(1)

x = 1 in(2)
3(1=12()+11 = A(1-2)(1-3)
3-12+11 = A(-1)(=2)
2 = 2A
A =1
To find B
Put x—2=10
Xx = 2 in(2)
32 -12(2)+11= B2-1)(2-3)
3(4)-24+11 = B)1D)
12-24+11 - -B
-1 = -B
B=1
To find C
From eq. (1)
I —12x+11 1 O B
x—1(x-2)(x-23) x—1 x-2 x-3
Integrate

3 - 12x+ 11 dx de J‘dx J‘dx
= + +
x—1)(x-2)(x—-3) x—1 X—2 Xx—3
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= | Ix—1+ hmx-2/+Mhx-3 +c | Ans.

2x—1

dx

Solution:

Let

2x — 1
'[x(x— 1 (x - 3) 9

2x =1 A B C

xx-Dx-3) x 'x-1"x-3 —— @

Where A, B and C are constant of partial fractions which are to be determined.
Multiplying x(x — 1) (x — 3) on both sides in (1)

2x—-1= Axx-1H)xE-3)+Bx(x-3)+Cx(x—-1)——(2)

To find A

Put x = 0 ineq(2)
2(00-1 = A(0-1)(0-3)
1= A(=1)(-3)

-1= 3A

To find B

Put x—-1=20
x = 1 in(2)
2(1)-1 = B(1)(1-3)
2-1 = B(-2)
1 = -2B
1
2

B=

To find C

=0
=3 in(2)
C3)3-1)
C(3)(2)

5 = 6C

Put X —

R

2(3)-1
61
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5
C =%

From eq. (1)
il S 3
2x — 1 3 2 6

xx-1)(x-3)  x '‘x-1"x-3

Integrate JX(X_%:)_&_” dx =_3—1J.d;x—%,|. dx +%J

x— 1

dx
-3

X

I
= 3.(n|>s:|—5t’nlx—1|+gdn|x—3| + ¢ Ans.

5x*+9x + 6
Q.11 ‘[(xz—l)(2x+3)dx
Solution:

J‘ 5+ 9x + 6 d

X -1)(2x+3)

I 5%°+9x + 6

= dx
(x+1)(x—1) (2x+3)

Let
5%x°+9x + 6 __A B C M

x+DEx-1)2x+3) x+1 x-1 2x+3

Where A, B and C are constant of partial fractions which are to be determined.

Multiplying (x + 1) (x — 1) (2x + 3) on both sides in (1)

5"+ 9x+6 = Ax—1D(2x+3)+B(x+1)(2x+3)+C(x—1)(x—1)—(2)
To find A

Puu x +1 =0

X = lin(2)
512 +9-1)+6= A(-1-1)(-2+3)
5-9+6 = A(2)1)

2 = =2A
w?
22
A = -1
To find B
Put x—1 =0
X = 1 1n(2)
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51 +9(1)+6= B(l+1)(2+3)

5+49+6 = B(2)(5
20 = 10B
20
B =7
B=2
To find C
Put 2x+3 =0
2x = -3
-3
X = in (2)

45 - 54 + 24 5
4 =4 ¢
15 4
g5 —C
From eq. (1)
5%+ 9x + 6 = 2 3

x+1)(x—1D(2x+3)  x+1 x—1
Integrate
j 5+ 9x +6
(x+ 1) (x= 1) 2x +3)

T ox+3

%Izdx

3

3
= | In|x+1|+2n [x - 1|+§

In2x+3] +c¢

4+ 7x
Q.12 I A+x) 2430

Solution:

83

Ans.
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4+ 7Tx d
(1+x)72+3x) %

I

Let
4+ Tx A B C
Qi3xl+x)  2+3x 1+x (+xf —— D
Where A, B and C are constant of partial fractions which are to be determined.
Multiplying (2 + 3x) (1 + x)* on both sides in (1)
4+7x = A(1+x)’+B2+3x) (1 +x)+C (2+3x) —(2)
4+7x = A(1+x>+2x)+B(2+5x +3x) +2C + 3Cx
4+7x = (A+3B)x’+(2A+5B+3C)x+(A+2B+2C)—— (3)
To find A
Put

2 +3x=0
Ix= =2

To find C

Put

| +x

X
447(-1)
4-17
-3

C

= —1in(2)
C(2-3)

= €D
-C

3

To find B comparing the coefficient of x> in (3)

A+3B

0

www.u\;stad360.com :



Punjab | 12th Maths | Ch # 3

3B = —A
B _ —(=6)
3

B = 2
From eq. (1)

4+ Tx _ 6 .2 3
(2+3x)(1+x)° 2+43x 1+x  (1+x)

Integrate

(4 + 7x) 6 3dx dx dx

I(2+3x)(1+x)2d" B 2+3x+2'[1+x+3j{1+x)2

Q.13

Q.14

Q.15

= —21n|2+3x|+2!n|1+x|+3f(1+x)‘2dx

(1 +x)*"
= —2M2+3x|+2 M|l +x|+ —2X+1 tc

1+x)"
- 2 !n|2+3x|+21n|1+x|+3% te

3
= —2!n|2+3x|+2!n|1+x|—m+c Ans.

i 2
X

) x- e &

Solve as question # 12 solved.
' 1

T (x-1)x+1)
Solve as question # 12 is solved.

7 dx

J' x+4 d
=3 +4)

Solution:

So

I X +4 d
(x* = 3x* +4) X

! 3 0 4

-1 4 -4

1 4 0
X3 +4 = (x4 1) (X 4x +4)
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= (x+1)(x-2)

I x+4
(x+1) (x-2)

Let
X+ 4 A B C
x+D(x-27 x+1 x-2  (x-2) (0
Where A, B and C are constant of partial fractions which are to be determined.
Multiplying (x + 1) (x — 2)* on both sides in (1)
Xx+4 = Ax-2+Bx+1)(x-2)+C(x+1)— (2)
x+4 = A +4-4x)+B(x*-x-2)+Cx+C
x+4 = Ax*+4A—4Ax +Bx*—Bx-2B+Cx +C
X+4 = (A+B)xX’+(-4A-B+(C)x+(4A—-2B+C) —— (3)
To find A
Put x+1=0
X = -1 1n(2)
—1+4= A(-1-2)
3 = A (-3)
3 = 9A
3
A=
|
A3
To find C
Put x-2=0
x = 2 in(2)
2+4 = CR2+1)
6 = 3C
6
C =3
L Cc=2 |
To find B comparing the coefficient of x” in (3)
A+B =0
B = —-A
-1
B'=73
From (1)
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1
Xx+4 3 2 3
(x+1D)(x-2) x+

87
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Integrate

'[(x+}1i)-£x4— 2)? :% J-xcfl +2J‘xd—xz ‘% J.(x(ixz)z

1
Inpx+1]+2mnx-2-3 ,[(X—Z)'zdx

1
3
_ 1 1 x=2""
= 3.-!’nlir1|+2;’1:1|:»~:—2|—3 or] T
_ 1 I (x-2)y
= 3In|x+1|+21n|x—2|—3 >
= ll +1]+31/ 2|+ + A
= 3 nx+ 1| nix—2| 3x—-2) c ns.
* .3 2
X —6x"+25
Q.16 S+ 1) (x=2)? X
Solution:
3 2
— 6x° + 25
X X dx

T+ 1) (x-2)
x> — 6x> + 25 A B C D

x+ 1P (=27 x+1 x+1)P (x-2) Tx-2)

Where A, B, C and D are constant of partial fractions which are to be determined.

Multiply (x + 1)* (x — 2)* on both sides in (1)

X*—6xF+25= A (x+1) (x-2)* + B(x —2)* + C(x=2) (x+1)* + D(x+1)* — (2)

X'—6x% +25 = A(x+1)(x*+H4—-4x)+B(x*+4—4x)+C(x-2)(x*+1+2x)+D(x*+1+2x)

X° — 6% +25= A(X +4x—4x"+x"+4—4x )+ Bx +4B—4Bx+C(x +x+2x"—2x"—2—4x)

+Dx’ + D + 2Dx

Let

x> —6x°+25= Ax-3Ax’+4A+Bx’+4B—4Bx+Cx’-3Cx—2C+Dx*+D+2Dx
X —6x +25 = (A+O)X+H—3A+B+D)xH—4B-3C+2D)x+(4A+4B-2C+D) — (3)
To find B
Put x+1= 0
x = —1in(2)

(1) —6(-1)* + 25 =B (-1 - 2)
~1-6+25=B(-3)°

18 = 9B
18

B =7

B = 2
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To find D
Put x-2=0

x = 2 in(2)

(2)’ —6(2)° +25= D2+ 1)
8—6(4)+25 = (3)°D

§ 24425 = 9D
9 = 9D
9
D=9
D = 1

To find A and C comparing the coefficients of x*, x> in (3)
A+C=1 — (i)
—3A+B+D= -6

3JA+2+1 = -6

3A+3 = -6
3A = —6-3

Put

F

A =3 ineq. (1)
A+C =1
C =1-A
cC =1-3
|

cC=-2 |

rom eq. (1)
X’ — 6x° +25 3 2 -2 1

1) (x-2)  x+1 (x+1p Tx-27 (x-2)

Integrate

x> — 6x% + 25 dx dx dx

dx
I(x+l)2(x—2)2 dx=3jm+2 x+1y 22 x-2y

3mx+1 |+2j(x+1)'2dx—21n|x—2|+j(x—2)'2dx

x+ 1)~ (x—2)*"
3nx+1|+2 o1 —2Injx 2|+ a1 e
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2(x+ 1) -2
2D, |X_2|+M_

= 3hnjx+1]|+ = | f¢
= 3Zn|x+l|—i—2h1|x—2|—L+c Ans.
x+1 X—=2
X +22x* + 14x - 17
o1 | x-3)x+2] &
Solution:
J‘x3 +22x% + 14x — 17
x-3)(x+2°’
Let
X+ 22x*+14x-17 A B C
-3 (x+2 x-3 x+2 Tx+2) Txe2y D

Where A, B, C and D are constant of partial fractions which are to be determined.
Multiply (x — 3) (x + 2)* on both sides in (1)
X +22x% 4+ 14x-17  =A(x+2)’ + B(x-3) (x+2)*+C(x-3) (x+2) +D(x-3) — (2)
X>+22x7 + 14x=17  =A(X’+8+6x"+12x)+B(x-3) (X" +4+4x)+C(x*—x-6)+Dx-3D
XC+22x7 + 14x - 17 =AX’+8A+6AX +12Ax+B(x +4x+4x-3x*~12-12x)
+Cx*-Cx—6C+Dx-3D
X +22x% + 14x-17  =Ax+8A+6AX+12Ax+Bx’—8Bx+Bx'—12B+Cx’—Cx—6C+Dx—3D
X+22x7 4+ 14x — 17 =(ABXHOABHOXH12A-8B-CHD)xH8A-12B-6C-3D)—(3)
To find A

Put x-3=0

X = 3 ineq.(2)
(3 +22(3)° + 14(3)— 17=A (3 +2)’
27+22(9)+42-17=A (5
27+198+42-17=125 A

250 = 125A
_ 250
125
A= 2
To find D
Put xt+2=10
x = =21in(2)

(-2 +22(-2Y +14(2) - 17=D (-2 - 3)
~8+22(4)-28-17=D(-5)
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-8 +88-28—-17=-5D

-5D = 35

35

D=7

| D= -7 |
To find B and C comparing the coefficients of x*, x* in (3)
A+B =1

B=1-A
=1-2

6A+B+C = 22
C=22-6A-B

91

dx

= 22-6()-(-1)
= 22-12+1
C =11
From eq. (1)
X +22x +14x-17 2 IS U S
(x-3)(x+2)P  x-3 x+2  (x+2)  (x+2)
Integrate
J‘x3+22x2+14x-1? d _ZJ‘ dx dx [ dx
(x-3) (x +2)° X T Shxo3 7 Ix+2 (x +2)

= 2fn|x—3|—zn|x+2|+11I(x+2)-2dx—7j(x+2)-3dx
(x + 2)—2"’1 (X + 2)—3‘?’1

= 2Inx=-3[-Mm[x+2[+11 1 T 34 +c
+ 2y + 2y

~ 2!n|x—3[—ln|x+2|+ll(x_1) —?(x_2) +e

B ; ; 11 7

= 2n|x—3|—n|x+2|—x+2+2(x+2}2 +c Ans.

x—2
Q.18 I(x+l) o+ 1) &

Solution:

Xx—2
J‘(x+1)(3~8+1)d"
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Where
X—2 A Bx +C
x+DE+D) x+1  +1 D
Where A, B and C are constant of partial fractions which are to be determined.
Multiplying (x + 1) (x> + 1) on both sides in (1)

x-2 = AX+1)+Bx+C)(x+1) (2)
Xx-2 = AX>+A+Bx’ +Bx+Cx +C
x-2 = (A+B)xX*+(B+CO)x+(A+C) (3)
To find A

Put x+1= 20

x = -1 ineq.(2)
“1-2= A[=D)*+1]
-3 = A(+1)
-3 = 2A

-3
A=

To find B and C comparing the coefficients of x*, x in eq. (3)

A+B = 0
B = -A
3
B= ‘(2)
3
B =5
B+C =1
C =-1-B
3
_2-3
)
-1
&=
From eq. (1)
=3 3 1
x—2 2 2772
X+D)CH)  x+1 7 xX+1
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Integrate
J‘ x=2 3 fdx 1 x-1
x+he+1) F= Kty e &
B _3 J. l dx
= ln|x+l|+ T_dx 21

-3 1
_1n|x+]|+ ,[de 2tan 'x

-3 3 1
= ?In|x+l|+1]n|x2+1|—§tan"(x)+c Ans.

X
Q.19 -[(x—l)(x2 PR
Solution:

_[ X 2 dx
x— DEE + 1)
Let
X A Bx +C
K-DEE +1)  x-1_ x¥+1
where A, B and C are constant of partial fractions, which are to be determined.
Multlplylng (x — 1)(x* + 1) on both sides in (1)
X = A(x T+ Bx+O)( (X —=1) e (2)
X = AX +A+Bx’-Bx+Cx-C

X = (A+B)X’+(-B+C)x+(A—-C)cev.ce.. (3)
To find A
Put x-1=0
x = lineq.(2)
1 = A(l+1)
1 = 2A
1
2
To find B and C comparing the coefficienits of x* and x in eq. (3)
A+B =0
1
>y tB =0
-1
B ="
-B+C =1
C=1+B
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1
C-13
21
C=7
1
C=3

From equation (1)

1 -1 1
X - 2 2%7)
x-DC+1) x—1 7 +1
Integrate
j X dx = 1) dx ljx—l d
x-DeE + DX T 201 20
1 2x | dx
= pm kel e ety e
1 1 , 1
= S/n |x—1|—z£"n |X'+1|+§ tan ' x +C Ans.
J' 9x —7
Q20 J Tt v X
Solution:
J‘ X-T
x+3)x +1HH
Let
Ox — 7 N A +Bx+C l
(x+3)x* +1)  x+3 X411 (1)
where A, B and C are constant of partial fractions, which are to be determined.
Multiplying (x + 3)(x* + 1) on both sides in (1)
0x—7 = AKX +1)+Bx+C)(x+3) ... (2)
O9x -7 = AX’+A+Bx’+3Bx+Cx+3C
9x -7 = (A+BX*+(BB+C)x+(A+30).......... (3)
To find A
Put x+3=0
X = —3inecl.(2]

9(=3)-7 = A[(-3)°+1]
~27-7 = A(9+1)
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To find B and C comparing the coefficienits of x* and x in eq. (3)

10A = —-34
- 34
A= 0
17
A= -7s
A+B =0
— 17
5 +B =0
17
B=75
3IB+C 9
C 9-3B
17
=9-3 5
51
= 9_5
4551
— 5 -
From equation (1)
-17
Ox — 7 5

(x+3)(x*+1)  x+3

Integrate

J‘ 9x — 7 ;
x+3Hx*+ )

1+4x
Q21 J (T3P + ™

Solution:

1 +4x J
T x-3)+ 4

~17 [ dx ljl?x—t’;
5 1

17 2x 6
5.2 x+]

dx

17
Tfn X +3|+25

L+ ”f +1 9 +C
5 nlx+ 3|+ [0 n |x° |—5tan X

95
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Let
| +4x A +Bx+C 1
x-3)x+4)  x-3 1 xtd M

where A, B and C are constant of partial fractions, which are to be determined.

Multiplying (x — 3)(x” + 4) on both sides in (1)
1+4x = A +4)+Bx+C) (X—3)...... (2)
1+4x = Ax®+4A +Bx> - 3Bx + Cx - 3C

1+4x = (A+Bx*+(=3B+0O)x+(4A-3C).........(3)
To find A
Put x-3= 0
X = 31ineq.(2)
1+4(3) = A[(-3)7+4]
1+12 = A(9+4)
I3A =13
To find B and C comparing the coefficienits of x* and x in eq. (3)
A+B =10
1+B =0
~3B+C = 4
C=4+3B
= 4+3(-1)
= 4-3
C =1

From equation (1)
1 +4x 1 +—x+ 1
x-3)(x*+4) " x-3  x’+4

Integrate
1 +4x dx x—1
Jomwne - [5-Ie
1 2x dx
= x-3-p N g dx ey

1 l
flx-3[- 56 *+d+5tan' D +C
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12
Q.22 Ix-" Lgdx

Solution:
12
‘[x3+8dx
_ J‘ 12 q
x)’+@27 X
B J‘ 12 d
N (x +2) (x> —2x +4) ¥
Let
12 __A_ | _Bx+C
(x+2)(x*=2x+4) x+2  x*—2x+4

97

— ()

Where A, B, C and D are constant of partial fractions which are to be determined.

Multiplying (x + 2) (x> — 2x + 4) on both sides in (1)

To find A

(2)

(3)

12 = AX -2x+4)+Bx+C)(x+2)
12 = Ax’-2Ax +4A +Bx*+2Bx + Cx + 2C
12 = (A+B)x’+(-2A + 2B+ C) x + (4A +2C)
Put x+2=10
X = -2 in(2)
12 = A[(-2)*-2(-2)+4]
12 = A4 +4+4)
12 = A(12)
A J— Q
12
A =1
To find B and C comparing the coefficient to of x> and x in eq. (3)
A+B =0
B = A
B =-1 |
2A+2B+C =0
C =2A-2B
= 2(1)-2(-1)
= 2+2
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[ C = 4]
From eq. (1)
12 _ 1 —x+4
(x+2)(x>=2x+4)  x+2 x’—2x+4
Integrate
J‘ 12 dx dx 1 Md
(x+2)(x2—2x+4) x+2 2% -2x+4 &
1 [ 2x-8
= Ix+2-5 Ja o dx
1 [2x-2-6
= Fn|x+2|—2.x2_zx+4dx
1 [ 2x -2 6[_
= [nlx+2|—2.x2_zx+4dX+ 2x +4
1 [ dx
) 1 ) ’dix
. Infx+2|-5 M _2X+4|+3'(x—1)2+3
L [ dx
= + - 5 T = + + 2
In |X 2| 2 In |X 2x 4| 3'(X—1)2+(\,§)‘
In|x +2|- lsn| 2x+4|+ = 2 tan_l(ﬂ}r
= X X —2X o
\3 N
1 x—1
_ Infx +2| =5 In [x* = 2x + 4] +/3 tan” NG +e
2x* + 5x + 3
Q24 )i+ a) &
Solution:
2x* + 5x + 3

Let

x- 1P +a) &

2x*+5x+3 A B Cx+D

G- (C+4) x-1  (x-1) x+4 — D

98

Ans.

Where A, B, C and D are constant of partial fractions which are to be determined.

Multiplying (x — 1)’ (x> + 4) on both sides in (1)

2 +5x+3 = A(x- 1) (x> +4)+Bx>+4)+ (Cx +D)(x ~1)> — (2)
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2x7+5x+3 = A (X +4x—x"—4)+ Bx’ +4B + (Cx + D)(x* + 1= 2x)

2x° +5x +3 = AX’ 4+ 4Ax-AX’ — 4A + Bx® + 4B+Cx’ +Cx—2Cx*+Dx’ +D- 2Dx

2x* +5x + 3 = (A+C)x* H—A+B-2C+D)x* H4A+C-2D)x+H—4A+4B+ D) — (3)
To find B

Putx—-1 =0

x =1 1n(1)
21 +5(1)+3 = B(l +4)

2+5+3 = 5B

10= 5B

10
B-75
To find A, C and D comparing the coefficients of x’, x%, x and constant in eq. (3)
A+C =0 — (i)
-A+B-2C+D = 2 — (1)
4A +C-2D =5 —  (i11)
4D +4B +D =3 — (V)
Put B=2in eq (i) and (iv)
~-A+2-2C+D = 2 |, —4A+4(2)+D=3
-A-2C+D =0 —(v) —4A+8+D=3
—4A+D=-5 (vi)
Adding eq. (i) and eq. (v)
A+C=0
-A-2C+D=0
-C+D =0 —— (vii)

-C = -D
cC =D
Put C=Din eq (i)
A+D= 0 (viii)
Eq. (vi) + eq. (viii), x 4 we get

—-4A+ D =-5

4A+4D= 0

5D=-5
D= -1
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Put D =-1 in eq. (vi)

—4A —-1=-5

—4A =4

A=1
A=1lineq. (1)
1+C=0

-1

Put

From eq. (1)
2% +5x + 3 1

Punjab | 12th Maths | Ch # 3

2 —x—-1

G- 1P(x+4) x—1 (x-1¢ "xX+4
Integrate

2x% + 5x + 3 dx =
(=17 T

J‘dx +2J‘ dx j‘x+1
x—1 (x—1)7°  ‘x +4

1§ 2x q j.dx
2+1 29 +4a BTy

) _1—2+l 1
— EH|X—I|M

= t'n|x—]|—x—

-1

2

X

1 1 )
—Efn|x2+4|—§ tanl[—

dx

100

— (D

Ax+2)(xX*+x+ 1) +Bx +x+ 1)+ (Cx +D)(x +2)* — (2)
A (X7 + x2+ x + 2x% +2x+2)+Bx? +Bx+BHCx+D)(x*+ 4x+4)
AXCH3AXH3AXT2ATBx +Bx+B+Cx* +4Cx*+4Cx+ Dx*+4Dx+4D
(A+C)x’ +(3A+B+4C +D)x* + (3A + B+ 4C + 4D)x

2x*—x-7
Q.25 J.(x+ D+ x+ 1) dx
Solution:
I 2x —x—7
xt 2P rxr1) &
Let
2x’ —x -7 A B Cx+D
(x+2) (x> +x+1) x+2 +(x+ 2)2+x2+x+ 1
Where A, B, C and D are constant of partial fractions which are to be determined.
Multiplying (x — 2)* (x* + x + 1) on both sides in (1)
X —x—7 =
2X°=x=-7 =
2 —-x-7 =
% -x-7 =
+(2A+B+4D)—— (3)
To find B
Put x+2=20
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x = =2 Inequation (2)
2(-2y = (-2)=T7=B[(-2)2+(-2) + 1]
24)+2-7=B@4-2+1)
3B = 8-5

B -3 =
To find A, C and D comparing the coefficients of x° , xz, X and constant
A+C =0 (1)
3A+B+4C+D=2 (i1)
3JA+B+4C+4D =1 (111)
2A+B+4D=-7 (iv)
eq. (11) —eq. (i11), we get
3JA+B+4C+D =2

3AT BT 4Ct 4D= 7 1

-3D =3
3
T3
Put B =1, D =-1 in equation (iv)
2A+ 1 +4(-1)=-7

D = D=-1

2A+1-4=-7

2A-3=-7

2A=-T7+3

2A=—4

A=_2—4 = A=-2
Put A =-21in equation (1)

-2+C=0

C =2
From equation (1)

2 —x—7 -2 1 2x—]
(x+2) (x +x+1) T x+2 " (x +2)° X x 1
Integrate

I 2x5—x -7 I J.
(x+27 (C +xt )X=2 (o2 S o
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(x+2)"+ 2x+1-1
—1 X+ x+1

= —2M|x+2+ X

1 2x + 1 J‘ dx
- —21n|x+2|—x+2+ x2+x+ldx_2 x“+x+1

1 dx
= —2[n|x+2|—m+In|x2+x+]|—2_ ) 11
X +x+4-4+l
1 [ 4
= 2hfx+2- Fpe x| -2 ) —
X+2 * +lz+§
(x 2) 4

d
= —2[n|x+2|—m+In|x2+x+]|—ZI | xlﬁj
(x+§)2+(2}

1
X+5

1 1 2
- _zfn|x+2|-m+zn|x2+x+1|-2@tan" N +e
1 ) 4 L (2x+1
= —2:’n|}(+2|—m+fn|x +x+1|—$tan (\B ]+c Ans.
Ix+1
Q.26 I(4x2 i -x+n o
Solution:
J‘ 3x + 1
@+ ) —x+ &
Let
3x+ 1 Ax + B Cx+D
@D C—x+1) 41 -x+1 D

Where A, B, C and D are constant of partial fractions which are to be determined.
Multiplying (4x — 1) (x* — x + 1) on both sides in (1)
3x+1= (Ax+B)(xX’ —x+ 1)+ (Cx+D)@x* + 1)
3x+1= Ax’—Ax"+ Ax + Bx’ = Bx + B+4Cx* + Cx +4Dx* + D
3x+1= (A+4C0)x’ +(~A+B +4D)x* + (A —-B + C)x + (B + D)
Comparing the coefficients of x°, x°, x and constant.

A +4C =0 (1)

~-A+B+4D = 0 (ii)

A-B+C =3 (iii)
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B+D =1 —— (iv)
Eq. (il) + Eq. (iii) , we get
~-A+B+4D=0
A-B+C =3
C+4D =3 — (V)
Eq. (111) + Eq. (1v), we get
A-B+C =3
B+D =1
A+C+D = 4 (vi)
From equation (i)
A+4C =0
A = —4C (vii)

Put A =-4C in equation (vi)

—4C+C+D =4

-3C+D = 4 ——— (viii)
Eq. (v) x 3 + Eq. (viii), we get

3C+12D = 9

-3C+ D= 4

13D = 13

13
13

D:

Put D = 1 in equation (viii)
-3C+1=4
-3C = 41
3
T3

Put C=-1 in equation (vii)
A= —4(-1)

Put D = 1 in equation (iv)
B+1=1
B=1-1

C
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From equation (1)

3x+1 4x+0 N —x +1
x>+ 1) (x°-x+1) 4x+1 x —x+1
Integrate
J‘ 3x + 1 g b [8x J‘x—l dx
@+ D) —x+ DT T2+ KT x4
— 1 2 1] 2x=2
= 2!n|4x -|-]|—2 e x+1 dx
_ 1 2 12x=1-1
= 2f11|4X +1|—2 2 _x+1 K
_ 1 2 Lj 2x — 1 lj dx
- 2In|4x+1|—2 xz—x+ldX+2 x> —x+1
1 | | dx
= 5zn|4;»3+1|—5fn|x"-—x+1|+5,[2 [

X -x+4-4+]

1 1 d
- E[;n|4x2+1|-zn|x2—x+1|]+§_[ F—
(X+§)2+é_l
_ L, | A +1J’ dx
B EET RN 00
(3_2) + b
= In —F‘x ‘e +l Lta,n'l(—x-%]+
\/x"-x+1 2‘35 \[372 ¢
2
3 | 4x° + 1 +lt a(2x-=1 N A
= n Xz_x_l_l \frg an \[{g ™ ns.
4x+ 1
Q.27 I(x2+4) (2 +4x+5) I
Solution:
I 4x + 1 d
(X +4) (X +4x+5)
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Let

4x + 1 _Ax+B+ Cx+D |
(X +4) (X +4x+5) X +4 X +4x+5 —

Where A, B, C and D are constant of partial fractions which are to be determined.

Multiplying (x> + 4) (x> + 4x + 5) on both sides in (1)

4x+1= (Ax+B) (x* +4x+5)+ (Cx +D) (x> + 4)

4x+ 1= Ax’+4Ax” + 5Ax + Bx” + 4Bx + 5B + Cx’ + 4Cx + Dx” + 4D
4x+1= (A+C)x’+ @A+ B+ D)X’ + (5A +4B +4C) x + (5B+4D)
Comparing the coefficients of x3, xz, x and constant.

A+C =0 (1)

4A+B+D = 0 — (1)

S5A+4B+4C=4 _ (111)
5B+4D=1 ——  (iv)

Eq. (iii) — Eq. (i) x 4, we get
5A+4B+4C = 4
AL ac= 0
A+4B = 4 W)

Eq. (11) x 4 — Eq. (iv), we get
I6A+4B+4D = 0

_5B+4D = _1
16A - B = =] — (vi)
Eq. (v) + Eq. (vi) x 4, we get
A+4B = 4
64A-4B = —4
65A = 0
A=0
Put A =01n equation (vi)
16(0)-B = -1
B =1
Put A =0 inequation (1)
0+C= 0
C=0
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Put B =1 in equation (iv)

5+4D =1
4D =1-5
—4
D =4

From equation (1)
4x + 1 0(x)+1 0(x)—1
(X" +4)(x*+4x+5) x*+4 X' +4x+5
Integrate

I 4x + 1 3 J. dx J dx
el +ax+5) XTI r @ T Xt ax+s

4(&] I dx
tan 15 )~ ax +4-4+5

-1 (ﬂ} dx
tan- 5 )=t x+ 27+ 1

(3)-] AT T
tan’! (%j— tan’’ (x —f 2) +c

tan”’ G)— tan"(x +2)+¢ Ans,

Il
2= 2= = = 2=
—

6a’
Q.28 I(Xz T a?) (x2 + 4a) dx

Solution:

j 6a’
C+ D) (< + 4a) &
Let
6a’ Ax+B Cx+D
Kra)(C+ad) xra Xad D)
Where A, B, C and D are constant of partial fractions which are to be determined.
Multiplying (x* + a”) (x* + 4a”) on both sides in (1)

6a> = (Ax+B)(x* +4a’) + (Cx + D) (x* + a%)
6a’ = AX’ +4a’Ax + Bx® +4a’B + Cx’ + a°Cx + Dx° + Da’
6a’ = (A+C)x’+(B+D)x’+(4a’A +a’C) x + 4a’B + Da’)
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Comparing the coefficients of x°, x°, x and constant.
p g » X,

A+C =10
B+D = 0
4a’A +a’C = 0
42’ B+ Da’ = 6a’
Eq. (i) x a’ — Eq. (iii), we get
a’A +a’C = 0
_4a’A T ’C= 0

— (0

(i)
(iii)
(iv)

3a’A =0
A=10

Put A =0 in equation (1)
0+C=0

Eq. (ii) x a’ - Eq. (iv), we get
Ba’+Da’ = 0

_4a’B T Da’= _6a°

—5a°
—6a’

B - —3a°

B=21ineq. (2)
2+D=0

Dis g2

3a’B =

Put

Fromeq. (1)

6a’ C0X) 2 0(x) -2

(xz + a"') ()»:2 + 4212) T X" +a X’ + 4a’

Integrate

I 6a’
(x +a)(x + 4da }

1
2a

ZJ.}|L+a 2J‘)(Jrila

_ 1 a (X
—Z.atan [a)—z

tan (

X
2a

107

)+e
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=; tan”' (Ej — 1 tan™" [1] +c Ans.
a a a

Q.29 Ix +x +1d

Solution:
j%—dx
X +x+1
X'+x*+1 = P20 () + (1) -
= X+ 1)’ (x)°
= X+ 1+x)(x*+1-x)
= X +x+ 1) -x+1)
2x% -2
- J-(xzﬂﬁr1)(:'v:2-:~;+1)dx
Let
2x% -2 Ax+B  Cx+D
(x2+x+1}(x2-x+l)=x2+x+1+x2-x+l —

Where A, B, C and D are constant of partial fractions which are to be determined.
Multiplying (x> + x + 1) (x> —x + 1) on both sides in (1)

2x* - 2= (Ax+B)(x*~x+ 1)+ (Cx +D) (x* +x + 1)

2x7 - 2= AX - Ax’+Ax+Bx’-Bx+B+Cx’ + Cx*+ Cx + Dx* + Dx + D
2x-2= (A+QO)xX’+(-A+B+C+D)x +(A-B+C+D)x+(B+D)

Comparing the coefficients of x°, x°, x and constant

A+C =0 — (1)
-A+B+C+D= 2 — (1)
A-B+C+D=0 — (iii)
B+D = -2 — (iv)
Put eq. (1) in eq. (ii1)
-B+D=0 — (V)
Adding eq. (iv) and eq. (V)

B+D =-2

~B+D =0
2D=-2

-2

D =7
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| D= -1 |

Put D =-1 in eq. (iv)
B-1=-2
B =-2+1

Putt B=-1,D=-1 ineq. (i1)
-A-1+C~-1 =2

-A+C-2=2
-A+C=4 (iv)
Adding eq. (i) and eq. (vi)
A+C = 2
-A+C = 4
2C =4
4
€ =3
C =2
Put C =2 1neq. (1)
A+2=0
A=-2
From eq. (1)
2x*-2 _2xel o 2x-1
(X +x+1)x-x+1) x+x+1 x-x+1
Integrate
J‘ 2x° - 2 2x+1 J‘zx
) 2 dx =—
x*+x+1)(x"-x+1) XHx+1 x+1
=—!n|x +X+1|+!n|x —-x+1]+c¢
2
X -x+1
=1In . r—— +c Ans.
' 3x-8
Q.30 '(xz-x+2}(xz+x+2]dx
Solution:
3x - 8

I x+ o +x+2) &
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Let
3x -8 Ax + B Cx+D
(XE-X+2)(X2+X+2)=X2-X+2+X2+X+27 (1)
Where A, B, C and D are constant of partial fractions which are to be determined
Multiplying (x* — x + 2) (x> + x + 2) on both sides in eq. (1)
3x—-8 = (AX+B) (X’ +x+2) +(Cx+ D) (x*—x +2)
3x—8 = Ax’+ Ax’+2Ax + Bx’ + Bx + 2B + Cx’ — Cx” + 2Cx + Dx” — Dx+2D
3x—-8= (A+O)x’+(A+B-C+D)x*+(2A+B+2C-D)x + (2B +2D)
Comparing the coefficients of x*, x°, x and constant
A+C=0 (1)
A+B-C+D=0 —— (i)
2A+B+2C-D=3 (1i1)
2B+2D=-8 — (iv)
From eq. (ii1)

2A+B+2C-D=3
2(A+C)+B-D=3
2(0)+B-D=3 .+ by eq. (i)
B-D=3 — (V)
Eq. (iv) + Eq. (v) x 2, we get
2B+3D = -8
2B-2D = 6
4B = -2
I, B
4 2

—

B =

-1
PutB = X in eq. (v)

7—D=3
-1
2 -3 =D
_z1-6
-2
=7
b=73
P B—_—l D—i' 1
ut =5 .D=73 n eq. (i1)
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>
|
I
|
I
=

=
|
e b=
Il
—_ =
+ +
~] b2 ~J |2

>
|
@
I
()

[\ R ]

A-C=

A-C=4
Adding eq. (1) and eq. (vi)
A+C =
A-C =

(vi)

A =

2
2=
R L =

A =2

Put A =2ineq(i)
2+C=0

From eq. (1)

E
Ix 8 2xX — —2x—2

+ [0 =

(x*—x+2)(x° +x+2) TxP-x

Integrate

1
sz_l+1_5
d_

I 3x — 8
(X —x+2)(x*+x+2) XC—x+2

+
2 TP Fx+2

111

2x+1-147/2

1 I dx
In |x* — x+2|+ 5 ) 11

X=Xty Z+2

dx
In [x° —x+2|+— jﬁ
(x=5r+y

ij 1_[ dx 2x+1
x+2 T 2 T KT rxr2 &

_5
—In |XCHx+2[ 5 j

) X
X“+x+2

-5 dx

297 +x +2

dx
|

1
2 - =
X+x+4 4+2
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dx 5.[ dx

5 —In [xPHx+2| -
(47 o+ (7]
X -

= In |x x+2|+ tan” [ J In [x*+x+2|—5 1 an{ 1/2)
2 3[ 712 2 Jir M\ ) T E

2
X -x+2 1 2x -1 5 2x + 1
m \/—tan (\ﬁ) \/—tan (\ﬁ )
5;-)(;2 +L [tan‘l(h)—Stan" (MJJN: Ans.
o T e N

I +H4A 4+ 9x+5
Q.31 I(x2+x+1)(xz+2x+3} dx

Solution:
J‘ 3+ 44X+ 9x + 5

1
= [n|x2+x+2|+5_[
(x — 2) +

= In

= In

Crx+ ) C+2x+3) X
Let
3 +4x*+9x +5 Ax+B Cx+D
Crxt ) +2x+3) Lrx+1 2+x+3 D
Where A, B, C and D are constant of partial fractions which are to be determined.
Multiplying (x> + x + 1) (x> + 2x + 3) on both sides in eq. (1)
X H4x7+9x+5 = (Ax+B) (x* +2x +3)+ (Cx+D) (x* +x + 1)
3x° +4x7 + 9x + 5 = AX+H2AX 3 Ax+Bx +2Bx+3B+Cx’+Cx? +Cx+Dx*+Dx+D
3 +H4x7 +9x +5 = (A +O)x’ + (2A+B+C+D)x*+(2A+2B+C+D)x+ (3B+D)
Comparing the coefficients of x°, x%, x and constant.
A+C=3 — (1)
2A+B+C+D=4 (i1)
3A+2B+C+D=9 (ii1)
3BB+D = 5 (iv)
From eq. (1)
A+C =13
C=3-A (V)
From eq. (iv)
3B+D =5
D =5-3B (vi)
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Put eq. (v) and eq. (vi) in eq. (i1)
2A+B+3-A+5-3B=4
A-2B+8=4
A-2B=-4
Put eq. (v) and eq. (vi) in eq. (ii1)
3A+2B+3-A+5-3B =9

(vii)

2A-B+8=9
2A-B=1 — (viii)
Eq. (vii) — Eq. (viii) x 2, we get
A-3B=-4
_4A F2B=_2
-3A = -6
A _ i
-3
Put A =2 in eq. (vii)
2-2B= —4
-2B = —4-2
—6
B =5
B =3
Put  A=2 ineq(i)
2+C =3
C =3-2
Put B=3ineq. (1v)
33)+D=5
9+D =5
D=5-9
D= —4
From eq. (1)
37 +4x + 9x + 5 . 2x+3 N x—4
(xX+x+ D +2x+3) x+x+1  x+2x+3

www.u§tad360.com :



Punjab | 12th Maths | Ch # 3

Integrate
J‘ 3 +4x° +9x + 5 b o |12 1 [2x-8+2-2
KCrx+)EC+2x+3) P T I x 2 4 X r2x+3 X
B 2x + 1 d+2j L[+ 10 dx
N X+x+1 9% x+x+l Ty a3 Koy T3
dx j. dx
L e 1
= I |x“+x+1+2 , 11 -l- [n|x+2x+3|5 T vt 143
x+x+z :1+l

dx

= njx”+x+1|/+2 1. 3 + Mmx"+2x+3) |-5 x+1P+2

- !n|(x2+x+l)\/xj+2x+3|+2,|. d 7 I fix
(x+2) —i—( }

2, =
(x5 4]

(x+ 1)+ (/2)°

- e e e () e ()
S et o e (B ()

114
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EXERCISE 3.6

b
b
[ e = oo

= ¢ (b)-¢ (a)
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AP RC)

1 7
= 3@-D+1 =3 +1
7+3 10
= 3 T3 Ans
1
Q.2 _[ " +1) dx

Solution:
1

I (x"? + 1) dx
-1

(1) = (1)) + [1 = (-1)]
(1-1)+2

= 5 M+2 =2 Ans.

0

Q3 I (21_1)2 dx

Solution:
0

, W
j 2x— 1y &

0

1 :
- EJ 2x-1)7. 2dx
-2
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—_1[ 1 L
2 [200)— 17 2(=2)-1")

- %[Trmﬂ

- 1
3 =1+3)

_ %[-5; 1)
—1=4)
10

2
5 Ans.
2
Q4 I V3=x dx
-6
Solution:

[ Vx «

—9 (3-%" -

£

2 —6

216-2%-6+6)")

S RO

www.u\;stad360.com :
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Solution:

Q.6

Solution:

NE
]
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) S 2
S -GY7

3 Ans.

U @2t-1) dt

ﬂ (2t-1) dt
]{
5( 2t—1)° . 2dt
-‘JST
(2t—1)""
5

2
1 5/ 5/
525 -1"2-2-1"

| —

(W]

%[(2 5 - 1) 1] Ans.
NE

U xxixz-l dx

x\sz —1 dx

,JE
—0 (x> —1)"* . 2xdx

] x-1)”
2[ 3/2

118
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[(5- 1) —@-1)"]
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ek

s 43 1
_ 3 (432~ 3%7) =3 (292 -3+/3 ]

1
= 3(3—3\5) Ans.
2

Q.7 ﬂ Xzf_ 2 dx (Lhr. Board 2011, Guj. Board 2008)

1
Solution:

I
D | =
R S—
>
2
+ |34
[
[=
]

2
1

[In (x> +2)]
In(@+2)—in(l1+2)]

(In 6 — In3)

=
W

PO —= B —= D= = 1=
=)
(g
=
=
7 o]

—
—
[
1
| =t
-
[3¥]
=
o

Q.8

Solution:

) (x- i ) dx
3

= (x2—2+£12)dx

2

3 3 3
= ﬂ xzdx—Qﬂ dx+ﬂ X2 dx
2 2 2

33 <173
[Xgﬂz —Hx]ﬁ{ﬁ]ll

www.u\;stad360.com :
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Solution:
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1 . 1’
3{33—23)_2(3_2)_[£‘J2

1 11
3(27—3)—2(1)-[5-5)
19 11
3 27313
38— 12-2+3
6
27 9
F =§ Ans.

1

1
[ x+3)x +x+1 dx (Guj. Board 2007)
-1

1
fj (x+%}*\ij+x+l dx
-1

1 v, 1
[ FHx+D)7.2(x+5) dx

b | =

1 | =

1
I 1
[ +x+1)".@x+1)dx
-1
[rx+ 1))

3
2

(1+1+1)2-(1-1+1)"]

1 | =

| =

372-1"

3\3-1)

e e

(oS

Ans.

3| —

=
-
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Solution:

Q.11

Solution:

(=] s Y

costdt = [sint]
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3 dx
q x1+9

- Ans.

/3

U cost dt
/6

N E WA

V301 3-1 Ane

2 2 2

1
1 1
Q.12 ] (x+;)/z(l—;z']dx (Lhr. Board 2011)

2

Solution:

‘ L v 1
[ ey (-2 dx

2

122



Q.13 () x

Solution:

2 X
Q14 () (e
0

Solution:
2

i

0

Punjab | 12th Maths | Ch # 3

2m2-1m1]—[] dx
1

(2 M2 -0)— [x]}
2m2-@2-1)
22— 1 Ans.

- e_x’fz) dx

_ e'x-"z) dx

123
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2 X 2 —X,
= ﬂ e 2dx —U e 2dx
0

0
e "_.-fz“ 2 e"‘,.-z‘l 2
ni A e ey
20 L2l
= 2y +2(e 2oy

= 2(e—1+¢e' 1)
I
= 2(e+,-2)

_ 2(62-1-1—2&:)
e

2 2
= o (e—1) Ans.

w4 )
cosO + sinO
Q.I5 U;J c0s20 +1 de

Solution:

/4 .
%" cosO + sind

U;J cos20 + 1
_ ’Hr cosd + sind [ "+ €0s20 = 2cos 0 — 1 }
: 2¢cos°0 1 + c0s20 = 2¢os°0

]
/4 .
cosO sin0O
(00329 * coszﬁj do

do

=

B9 | —

1 1 sinf
(_cos@ " cosO ’ cosB) do
4

secO dO + 0 secO tan0 dO]
0

[
b | —
=1 =
SR e o=

/4 /4
[[n |secO + tanB| | o T [secf}]0 ]

[ n |sec§ + tan% | = In | secO + tan0| + sec% - sec0]
[In(\2 +1)—In(1+0)+~2 -1]
[/n (\ﬁ +])+\ﬁ—]] Ans.

M= D= = = I
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> a

Q.16 (] cos® do

0

Solution:

s

(i cos’® do

0

cos0 . cos’0 do

cos (1 —sin’0) do

o8 o Y~ |3

T

FNE]

6
= U cos0do —ﬂ sin’0cos0do
0 0
—| /6

/6 in’
= [sin6], —[HS”;B

0

_ 1 11 /|

- 270 3[(2T‘0|J
_ 1 l(l] I
- 2 3 1\8 T 2724
1241 11
- 24 24 Ans
n
1

Q.17 U cos’0 cot’® do
T
6

Solution:

4
] cos’® cot’® do

T
6

125



Punjab | 12th Maths | Ch # 3

=]

4
ﬂ cos® (cosec™® —1) do

6
/4

ﬂ (cos’0 cosec’® — c0528) do

6

AP
cos® 1+ cos20
U (sinzﬂ B 2 )d@
6
; 1 + cos20
ﬂ (cot™® — T ) do
6
; 2 1 + cos20
U (cosec™® — 1 — Ty ) dO
g
i 2cosec’® — 2 — 1 — cos20
i { 2 J
6
|
EU (2cosec’® — 3 — cos20) do
6
: £
] cosec’0dd =5[] do—5 [] cos20d6
: :
w4 3 w4 1[sin20] %4
[—cotB] 6 -5 (0] —5[ > 1

iy s 3(n =
—[cotz —cotg]— 5

i g]— % [sin2 Gj — sin2 (% )]
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—8+8\3-m—2+/3
8
—10—7+94/3

8

Ans.

Q.18 (] cos'tdt
0

Solution:

1S

4

fj cos’'t dt

0

(cos?t)” dt

2
1 + cos2t
( 2 )dt

(1 + cos®2t + 2cos2t) dt

2 o % A

fm—

=

FNy-

1 + cosdt

(1+ )

+ 2cos2t) dt

2+ 1+ cosdt + 4cos2t
> dt

o | = =
BlA oY ed ot el o el

rj (3 + cosdt + 4cos2t) dt

i
r os4tdt+4ﬂ cos2tdt]

[3 i :m . [S1n4th\ /4 [ﬂ n/ 4

00 | —
(=]} i-bl:il
I

o0 | —

127

© cos2t =2 cos’t—1

2cos’t = 1+cos2t
cos't=1 cos2t

| + Cos2t

. Ctaszt=foS
1+Cos4t

Cos’2t = 205
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G—{)}ri(sinﬂf ) %— sin OJ+2 [sinZ . %—sinOH

T+%{(O—U)+2(l—0)ﬂ

W 00— oo|— oo|— oo|—

=
+

n
3

Q.19 (] cos’® sin® d

-t

Solution:

T

3
(] cos’0 sind dO

=

c0s°0 (— sin0) do

OSJB—l n/3
3 0y

¥
|55
= = [cosj?t — cos’ d}
= Ans.
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Q.20 (] (1+ cos0) tan’d®

0

Solution:

T
4
i
0

(1 + cos’0) tan’® dO

T

4
fj (tan’® + tan’® cos’0) dO
0

sin’0
cos’0

4
ﬂ (sec’@ — 1 + . c0s°0) dO
0

T

4
U (sec’® — 1 + sin’0) dO
0

T

1 — cos20

5 )do

4
ﬂ (sec’™® — 1 +
0

T
4 b
2sec® -2+ 1 — cos2
f (sec@ : cos 9] .
0
n
4
1 >
5 (2 sec™0 — 1 = cos20) do
0
4 1% 1%
f{; sec’d dﬁ—if}]} dB—Ef{; c0s20do

“ 1 [sin20,| ™4
20135

[tanﬁ]: 3 01-5 5],

(tan%— tan()] - % g - 0)— i[sinZ E — sin2 (O)E
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secO d
sin® + cosO

Solution:

1y

Q.21 0 (Guj. Board 2008)

= — &|n

secH
sinf + cosO

L

0

1/cos’0
tand + 1

I
— ]

=7 o=

sec’0
tan0 + 1

do

/4 o
= [ln|tan9+l|]0 = [n|tanz+l|—!n|tan0+l|

= m{l+1]-Mm[0+1] = /Mm2-0= /2 Ans.
5
Q.22 (] |x-3]dx (Lhr. Board 2009 (S))
-1

Solution:

We know that
[+(x—3) Ifx >3

Xx-3] =3-(x-3) Ifx<3
Lo Ifx =3
5 5

= ] x=3]dx+[] (x-3)dx

-1 3

3 5
] x-3)dx+[] (x-3)dx
-1 3

_[(x—zsfﬂ {(x—s)?ﬂ
1 2 ]
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) |
_ _O_Eﬂ+i_gﬂ = 45 = 8+2 =10
2J P J 2 2
1
! !x§+2f
Q23 (] T dx
1 3
8 X
Solution:
1
1 ’_|_22
) S dx
1 3
[ X
., 1 1-_2
3
= 3 x +27 3x dx
3
_ 3[x+231'
3 Jus
1
= (1+2)3—((l/8)3+2)3
3
= 27-{ 11+2]
(23)3
3 + 3
= 2?—[%”_] — 27-(%)
Loy memm o
3 2
X -2
Q.24 rl r1 O
Solution:
3 2
X =2
[] x+1 dx
1
3
1 X — 1
. Q(X_I_K+1)dx x+14/x =2
3 3 3 2
dx =X +X
= q xdx—q dx—q + 1 k2
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9= 3 o
X 3 3 FxF1
S ] YT B
1
= 5(9—l)—(3—1)—[£11|3+1|—!n|1+l|]
8
= 5 -2-(n4-i2)
4
= 2—In2 Ans.
3
3x? —2x+1
Q.25 ﬂ x-D+1) 9
Solution:
32— 2x + 1
U (x—l)(x +1)
3
B 3x —2x+l N 3 2 3
= U x +x—ldx = [Inx" —-x"+x-1[]5
= In|27—9+3—l|—ln|8—4+2—1|
2
= m20-ns5 = ln?() = In4 Ans.
f sinx - 1
Q.26 U mdx
0
Solution:
‘ sinx - 1

[?5 COs8'X dx

( Sinx 1 ) d
—5 -3 X
COS'X  COS X

T

4

secx tanx dx — U sec”x dx

0

= [secx]g — [tanx ]EM

o TS elE oS en
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T T
(sec 4 sec0) — (tan 4~ tan0)

A2 -1-(1-0) =2 -1-1=1/2 -2 Ans.

n
4

1
Q.27 U 1 + sinx dx
0
Solution:
%
1
[ 1 + sinx dx
0
i |
1 1 — sinx
- U;] (l +sinx 1 - sinx) dx
% 1 — sinx
N q (] - sinzx) dx
T
4 | — sinx
- q COS°X dx
% 1 sinx
- Q (_coszx - coszxj dx
: ;
= 0 sec’x dx —(J secx tanx dx
0 0
= [tanx] EM — [secx] EM
= (tan %— tanOJ - [sec %— secO)
= (1-0)—(2-1) =1-+2+1 =2-12  Ans
1
Q.28 ] 43 X ax (Lhr. Board 2008)
) - 3x
Solution:
1
3x
) o &

0
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. 4-3x—4

= —{}ﬁdx
: _é ﬂﬁifia'«4isx}d*

= —r \ﬁitjgg dx *‘4[} \j&i:7;;

| =

1
( (4-3x) "= 3dx
0

) 4—3)()%—' 4{(4-3:;}]’31l
= 3 3 |3 I
2] 2 °
3 3

_(4—3)5—(4—0)3]—2[(4—3)”3—(4—0}%]

1
%J (4-3%)" - 3dx -
0

| —

: .
-y 1-30-@)"

8
(1-8) —3(1-2)

~—14+24 10
N 9 9

__
<

8 -14 8
(—7}—§ (-1) = e +§ Ans.

COSX
sinx (2 + sinx)

Q.29 dx

ENE i m— P O O Ol o
]

Solution:

COSX
sinx (2 + sinx)

N E R

Put sinx =t

dt

cosxdx=dt = dx=—"7
COSX

T
When x=7, t=

1
6 2
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When x=§, t=1
1 1
COSX dt dt
q t(2+1)  cosx a U] t(2+1)
2 2
Taking
t A B
t2+y ot T2+ (1)
Multiplying t (2 + t) on both sides in eq. (1)
1 = A(2+1t)+Bt (2)
To find A
Put t = 0 in equation (2)
1=A2+0)
2A=1
1
A=)
To find B
Put2+t=0
t =—2 in equation (2)
1=B(-2)
-1
B=7
From equation (1)
[
1 _ 2. 2
t(2+t) t T2+t
1
Integrate from 5 to 1
I | !
dt 1. dt 1 dt
J. t(2+1) :201 t "2J1 2+t
2 2 2
1 Lo 1
= 5 [nft]]lL — 5 [/n]2 +t[]L
> Unlel — 5 (M2 +4))
C Al (maoneed)
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_ 1 1 4+ 11]
= 2[—s‘n2—¢’n3+t‘n( ) L
1 1 5]
= 2[—Jn2—ln3+lnjj
B 1 / 5/2
2 3
1 5
5 In (g] Ans
9
2 sinx
Q.30 U:] (1 + cosx) (2 + cosx) dx
Solution:
% sinx
[{; (1 + cosx) (2 + cosx) dx
Put
cosx =t
—sinx dx = dt
dt
dx ~ —sinx

When x=0, t =1

n
When t=5,1t =0

SInx dt dt

0 1
- q (l+t)(2+t)x—sinx:q (1+t)(2+1)

Taking
I A B
G+02+09 1+t t2+¢ @
Multiplying (1 + t) (2 + t) on both sides in eq. (1)
1 = A2+t)+B(l+1) — (2)
To find A
Put

1+t =0
= -1 in equation (2)
I = A2-1)

—t

www.u§tad360.com :
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A =1
To find B
Put 2+t=0
t =—2 in equation (2)
1 = B(1-2)
-B =1

From equation (1)
1 | N —1
(1+t)2+t) 1+t 2+t
Integrate from O to 1

! dt
q) 1+02+1)

—_

d
I

1 |
= [ [1+4], -2+,

= (In2—-ml)—(n3-Mm2)
= n2-/m3+n2

2x2 4
= |n 3 =In3 Ans
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EXERCISE 3.7

Q.1  Find the area between the x-axis and the curve y =x*+ 1 from x=1to x =2
(Lhr. Board 2005, 2008)

Solution:
y =x+1 from x =11t x= 2
b

I
L
e
jmh
=

Required area

www.u\;stad360.com :



Punjab | 12th Maths | Ch # 3 139

:%(8—1}+(2—1) :%4‘1 27;—3213—05q.units Ans.
Q.2  Find the area, above the x-axis and under the curvey =5 - x* from x=-1 to x = 2.
(Lhr. Board 2011)
Solution:
y = 5-x* from x = -1 to x = 2
b
Required area = U y dx

2 2
= ﬂ (5—-x%)dx
-1

2 2
SU' dx—U x° dx
-1 -1

312

= S[X]i—[}; y

[S — |

1
= 5(2+l)—§(8+1)= 5(3)—3(9) = 15-3 = 12 sq. units

Q.3  Find the area below the curve y =3 \& and above the x-axis between x =1 and

X =4,
Solution:
y = 3x
b
Required area = (J y dx
4
=3 Jx dx
!
4oy
= 3U x dx
|

]
=204 - 17
3

= 2025 —1] = 2(8-1) = 2(7)=14 Sq. units
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Q.4  Find the area bounded by cos function from x = _7’": tox =g . (Guj. Board 2008)
Solution:
y = COSX
b 2
Required area = U y dx = U cosx dx
— [sinx]",
2
= sin ~sn( 7
= siny —sin|5
= 1+1
= 2 Sq. units Ans.

Q.5 Find the area between the x-axis and the curve y =4x — X’

(Lhr. Board 2009, Guj Board 2005, 2008)

Solution:
y = 4x-x°
To find the limits
Put y =0
4x x> =0
x(4-x)=0
Either
x =0 or 4-x=0
Xx = 4

The curve cuts the x-axis at (0, 0) and (4, 0)
y > 0 for 0 £ x <4
That is, the area in the interval [0, 4] is above the x-axis.

b
Required Area= ﬂ y dx
.
= U (4x —x7) dx
0
4 4
= 4[] xdx—ﬂ x“dx
0 0
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-, 81
= 2(16-0)-

4, 64 96-64

3 3
32 .
=3 Sq. units Ans.

Q.6  Determine the area bounded by the parabola y = x* + 2x — 3 and the x-axis
Solution:

y = X +2x-3
To find the limits
Put

y =0

X*+2x-3 =0
X*+3x-x-3=0
X(x+3)-1(x+3)=0
x+3)(x-1)=0

Either
x+3 =0 or x—-1=20
X = -3 x =1
The curve cuts the x-axis at (-3, 0) and (1, 0)
y < 0 for -3 < x £ 1

That is, the area in the interval [-3, 1] is below the x-axis

b
Required Area= —0 y dx

a

= —01 (x* +2x - 3) dx
3

= —d xzdx—ZU'l xdx+3d dx

-3 - 3

- -[5] _13 o] _13 +30,

- '?1(1+27)—(1—9}+3(1+3)
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= }ﬁ — (=8) + 3(4)

= _Eﬁ +8+12 = _TZS +20
-28 + 60 32 :
= 3 = 73 Sq. units Ans.
Q.7  Find the area bounded by the curve y =x’ + 1, the x-axis and line x = 2.
Solution:
y = x+1
To find the limits
Put
y =0
X +1= 0
(x) +(1)'=0
x+ 1) -x+1)=0
Either
x+1=0 or X -x+1=0
x = -1 Neglecting because it has imaginary roots,

b
Required Area = ﬂ y dx

a

2 3
= ﬂ (x”+ 1)dx
-1

= ﬂzx3dx+j dx

-1

472
- [XI{}I + [:4{]_21

1
1(16—1)+(2+1)

15
=5 +3
15+12 27
= 4 =4 Sq. units Ans.

Q.8 Find the area bounded by the curvey = X" - 4x and the x-axis.
Solution:
y = x’—4x
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To find the limits

Put
y =0
X—4x =0
X(x* - 4)=0
X(x+2)(x=2) =0
Either
x=0 or x+2=0 or x-2=0

X =-2 Xx=2
The curve cuts the x-axis at (-2, 0), (0, 0) and (2, 0)
y = 0 for -2<x< 0
That is, the area in the interval [-2, 0] is above the x-axis.
y <0 for 0<x <2
That is, the area in the interval [0, 2] lies below the x-axis
0 2
Required Area= 0 ydx —U ydx
-2 0
0 3 2 3
= ﬂ (x"—4x)dx — (| (x7—4x) dx
0
0 dx—40 xdx—ﬂxdx+4ﬂ xdx
-2 -2 0
44 2 272
X X
[ R EIRE Sk
0 0
1
(O— 16)-2(0-4)— 4(16 0)+2(4-0)

= ﬁ -2(—4)- 4(16}+8

= —-4+8-4+8
= 8 Sq. units Ans.

=

Q.9 Find the area between the curve y = x(x —1) (x + 1) and the x-axis.

Solution:
y = x(x=-1)(x+1)
To find the limits
Put
y =0
x(x-1)xx+1)=0

143
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x =0 or x-1=0 or x+1=0
x=1 =-1
The curve cuts the x-axis at (-1,0), (0, 0) and (1, 0)
y >0 for -1 < x < 0
That is, the area in the interval [-1,0] lies above the x-axis.
y <0 for 0 < x £ 1
That 1s, the area in the interval [0, 1] lies below the x-axis.

Required Area= (j) ydx—'j ydx
-1 0
= ,j] x(x—1)(x+1)dx — d X(x = 1) (x +1)dx

-1 0

= (jjx(xz—l)dx—(j x(x> — 1) dx

= fj] (x3—x)dx—d (x3—x) dx
-1 0

ﬂ x3dx—0 xdx — U‘ x’dx + U‘ xdx

1 0 0
470 290 41 M1
x| [x-\ |:x-| [x}
= - — +
[IU_I EU-] E{ 0 E{ 0
1 1 1 1
= 1(0—1) _5(0_1)_1(1_0)+E(1_0)
_l,lo1d
4 2 42
-1+2-1+2 2 1
= 4 =272 Sq. units Ans.
Q.10 Find the area above the x-axis bounded by the curve y* =3 — x from x =—1 to
x=2.
Solution:
y2 = 3-x from x=-lto x =2

y = 3-x

b
Required Area= ﬂ ydx

a
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- U\/ﬂdx - -Uz G-x)". -

_ E;xﬁﬂz
N

[ 3 3

= % _(3—2)2—(3+1)2}

o 3
-3l @

= _32 1-(2%)?2 ]

-2

14
=3 ( 7)= 5 Sq. units Ans.

1
Q.11 Find the area between the x-axis and the curve y = cos 5 X from x =—x to m.

Solution:

1
y = Cos5 X from X=—Nto X =1

b
Required Area= 0 ydx

n |
= U cosixdx

. m)]
= 2[51n2—sm(—2L
= 2(1+1)
= 2(2)
= 4 Sq. units Ans.
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Q.12 Find the area between the x-axis and the curve y =sin2x from x =0 to x = g .
Solution:
n
y = sin 2x from x=0 to x =3

b
Required Area= ﬂ ydx
a

= U Sin 2x dx

Sq. units Ans.

Q.13 Find the area between the x-axis and the curve y =+/2ax - x> when a > 0.
Solution:

y = ~/2ax — x°
To find the limits

Put

y

3
2ax — X
ax —x° =

X (2a—Xx) =

S <

Either
x =0 or Za—-x =
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b
Required Area= U ydx

= ﬂ 2ax - X° dx
0

= (j \/az—a2+2a}{-:n;2 dx

0

2a
= (j Ja’— (@ - 2ax +x%) dx
0

= éa a’— (a—x) dx
0

Put a—x = asind
—dx = acosO do
dx = —acosO do
When x =0, a-0= asind

sinf =

When X = 2a, a-2a

|
®

I
=]
Z,
=
D

sinf = = -
a
—n
b Sy
2
= U \Ja? — a’ sin’0 (- a cos0) dO
3
= —afj ~/a’ (1 —sin®0) cosO do

BIR S=3 )

I

2
= aU a~/cos0 . cos0do

2
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cosO . cosO dO

2
d

ra Yy Y= A

t2 A

a’ U cos’0 do

1 + cos20
[72 ) do

fah}
(&)
N|;:| f—1 (Y= N|;'=|

(1 +cos20) do

b [5,

|8,

b3y = pogm s =P iam

B Sq. units Ans.
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EXERCISE 3.8

Q.1  Check that each of the following equations written against the differential
equation in its solution.

. dy ~
(l)' X dx - +y y _— CX—I
.. d 1
(ii) xz(2y+l)§-l=0 yz+y=c-;
s ﬂ.‘f 2x _ 2 2
i) ygy —¢ =1 y=e"+2x+c
.14 2
(I.V) ; dK-2y=0 y:ce
dy y'+1
) Ei = X y =tan (e* + ¢)
Solution:
() x% = 1+y — (1) (Lhr. Board 2007)
y = ¢cx—1
Diff. w.r.t. ‘x’
dy _
dx €
Put in equation (1)
xc= 1+e*—1
XC = cX

Which i1s true

d
y = cx—1 isthe solution of x af =1l+y
d
Gi) x° (2y+1)HX —1=0 — (1)
X
Y y= -y
y= €—4
Diff. w.r.t. ‘x’
pydv dy

Put in equation (1)

1
x2(2y+])m -1=0
1-1=0
0 =20 s

-~
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Which is true
R
Y Fy= c— is the solution of x™ (2y + l)dx_ 1=0
d
i) ygy - =1
y2 = ez?’; + 2)( + C
Diff. W.rt. *x’

— (D

d >
2y o =26 +2

dy 2e%+2 2™+1) e*+1
dx 2y 2y y
Put in equation (1)

ezx-l—l) >
—eX=
y(S5 )

e +1-e”=1
1 =1
Which is true

y* = e™ + 2x + ¢ is the solution of y gii —e™=
. 1d
W) (g -2y=0 ——

y = ce*

diff. w.r.t. ’x’

d

ag = cxexz. 2X

2
= 2¢xe’

Put in equation (1)

I 2 «2
< - 2¢cxe” —2(ce” ) =0
2 2
2 ce’ —2ce” =0
0 =20
Which is true
_ a2 : lTdy |
y=ce i1sthe solutlonof‘x dx—zy—o
2
dy _y +1
M e —— O

y= tan(e" +¢)
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Diff. w.r.t. °x’

d
EE =sec’ (¢*+¢).¢"

1 +tan’ (¢* + ¢)
-X
e

_1+y

e
From equation (1)
yz + 1 - y2 +1

e-x - e-!(

Which is true

d 211
y =tan (e" + ¢) is the solution of af = ‘yeT

dy _
Q.2 ax ~ Y

Solution:
d
=y
Separate variables
dy
y
Integrate

(Lo

Iy = —x+nc

=—dx

-X"C-l

! ¥
e e
rly

y = e vy =e

=ce rel= ¢ Ans.
Q3 ydx+xdy =0 (Guj. Board 2006)
Solution:
ydx + xdy
Separate variables
ydx = —xdy
dy _ -dx
y X

I
=
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Integrate
[dy _ [dr
y X
Iny = —Inx+Inc

Iy = In_

A
Il
e

‘Xy=c| Ans

i

dy _ 1-
Q4 G Ty (Lhr. Board 2008)

Solution:

dy _ 1=
dx  y

=

Separate variables
ydy = (1 -x)dx
Integrate

_[ydy = jdx—jxdx
2

) = X7 +c
2
y2 = 2(x— B} )+ 2¢
2 2 2o =
y = 2x—-X"+t¢
y2 = x(2-x)tc Ans.
d
Q5 & = %.(y>0) (Guj. Board 2008)
Solution:
dy  _
T =2 .y>0)
Separate variables
b &
y X
Integrate
dy [ dx
for e
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Iny ] + Inc
bl
ny = + Inc
e'rny _ e—+!nc
-1
y — of cﬁnc
-1
y = ce
. dy _
Q.6 siny cosec X dx =1

Solution:
siny cosecx af =1

Separate variables
dx

siny dy = cosecx
siny dy = sinx dx

Integrate

I sinydy = ,[ sinxdx
—COSYy = —cosx +¢
cosy = cosx tc¢
Q.7 xdy+y(x-1)dx=0
Solution:
xdy+y(x—1)dx=0
Separate variables

xdy = —-y(x—-1)dx
d —x +
dy _ X 1 dx
b X
d - 1
o = (—X + —) dx
y X X
Integrate

d d
CRPE
my = —x+nx+nc
ehly — e—x + nx + inc

Punjab | 12th Maths | Ch # 3

my

Ans.
(Guj. Board 2005, 2008)

Ans.
(Lhr. Board 2007)

y=2¢
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y = e e
|y = cxe™ | Ans.
2
x+1 x dy .
Q.8 v+l y *dx’ x,y>0) (Guj. Board 2006)
Solution:
x>+ 1 _x dy
y+1 y - dx
Separate variables
2
X“+1 ., y+1
x =Ty dy
y |1 x> 1
+-|dy=|_+_ ) dx
y X X
d d
dy+—yz = xdx+—X
Integrate
d d
Idy + J.—X =dex+I—X
y X
y+hy = XE + Inx + Inc
ey‘h’n}r’ — e _ + Inx + Inc
eV e:’ny — E:%_ emx elnc
ye’ = cxe? Ans. y=¢e™
o 1A _1 4.y Lhr. Board 2008
Q' de_z( Y) ( r. boar )
Solution:

1 d 1
xdx "2 0

Separate variables
d X
1 +? -,
Integrate

19 -1 o

tan'ly =3 .EJrc
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2
_ X
tan''y = 3 te Ans.

d
Q10 2xy gy = x*-1

Solution:
, d >
ZX‘yEE =x"—1
Separate variables
2
-1
2ydy = X—Xz— dx
X1
2ydy = (;:—;z] dx
2ydy = dx—x7dx
Integrate
2j ydy= j dx—J X 2dx
2y" X
b = Xx-3 +c
1
y2 = x+t_ te Ans.
d 2x
Qi1+ Ey_l =x (Lhr. Board 2009 (S))
Solution:
dy 2xy _
dx 2y+1 %
Separate variables
dy _ Xy
dx X 2y+1
dy  _ [1 _ZLJ
dx U T a2y+1
dy & (ZX +1 - 23}
dx U 2y+1
dy X
dx  2y+1
2y+1)dy = xdx
Integrate

2,[ ydy+ j dy =_[ xdx
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y X
2 Y T 2 7e
X
yz+y =5 TcC
X2
y(y+l)=5+c Ans.

d
Q.12 (x*-yx) Eﬁ +y'+xy’=0 (Lhr. Board 2006, 2011)
Solution:
d
-y o Y+ xy? =0
Separate variables
d
-y = ¥ -xy
bl d ]
X(1-y) = ¥V (+%)

I‘X) :(1+x
(_yz dy _T)dx

Integrate
Tytage [ [ ae ]

-1
+hy = g +Inx+c

1 1
t’ny+§ = lnx—; +c Ans

Q.13 sec’x tany dx + sec’y tanx dy = 0 (Lhr. Board 2005)
Solution:

sec’x tany dx + sec’y tanx dy = 0

sec’x tany dx + sec’y tanx dy =0
Separate variables

scczy tanx dy = —sec’x tany dx
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s:[eczg dy = —sec’x dx
any tanx
Integrate
2 2
sec’y B sec X
I tany dy =-J)Tanx 9
In (tany) = —In (tanx)+ Inc
c
In (tany) = In tanx
_ _c
tany ~ tanx
tanx tany = ¢ Ans.
Q.14 (-xgﬁj =2(2+93)
’ y dx Y Tax
Solution:
dy) _ ézj
(y_xdx) B 2(y2+dx
Separate variables
dy _ .. ,dy
Y~ X 4x 2y° +2 dx
> _ .4y dy
y-2y =234 tXgx
d
L @+xn=y(1-2y)
dy  dx
y(l1-2y)  2+x
Integrate
dy B dx
y(1-2y) * 2+x
[ = m2+x)+c¢ (D)
( B d
y(l -2y)
Let
1 _A__B
y (1-2y) y 1-2y

Multiplying y (1 — 2y) on both sides in eq. (2)

1 = A(1-2y)+By

3)
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To find A
Put y = 0 ineq.(3)
1 = A
To find B
Put
1-2y =0
2y =1
|
y = 5 ineq, (3)
1
L - s(3)
B = 2
From equation (2)
_1 12
y(I-2y) vy 12y
Integrate
d dy 2
y (1-2y) Jy I]_gy Y
2
[ = Iny—,[zy_ldy
= Iny-mnQ2y—-1)+c
Put in eq. (1)
Iny—InQy—1)+c; = In(2+x)+¢
_y
m2y—l = (2+x)+c—c
IHE—LI =In (2 + x) + Inc, where ¢, — ¢ = Inc

Yy
fnzy_l = Inc(2+x)

hi P
-1 c(x +2) Ans.

d
Q.15 1 + cosx tany EE =0

Solution:

d
1 + cosx tanyaﬁ =0
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d
cosX tany EE =-1
il
tanydy = cosx X
—siny B
cosy dy = secx dx
Integrate
Iﬂ dy = I secx dx
cosy
In (cosy) = [n (secx + tanx) + Inc
n (cosy) = [n c (secx + tanx)
cosy = c¢(secx + tanx) Ans.
d d
Q.16 y—xi =30 +xﬁ-‘£)
Solution:
d d
y—X azf = 3(1 +x H'E )
Separate variables
d d
y — X E}i = 3+3x E‘E
d d
y—3 = 3x af + X a':f
d
y—3 = (3x +x) a%
dx _ dy
4x y-3
Integrate
dy _1fds
y-3 47 x
1
n(y—-3) = 2 Inx + Inc
1
m(y-3) = 1 Inx* + Inc
1
mh(y-3) = cx?
1 1
y—3 = cx* y = 3 +cx?

Ans.

159
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dy _
Q.17 secx + tany dx = 0
Solution:

d

ay 0

secx + tany ;o =
Separate variables

d
tany HE = —secx

—tany dy = secx dx
—siny dv =

cosy y = secxdx

Integrate
—siny [

_[ cosy dy = _[ secxdx

In (cosy) = [n (secx + tanx) + /nc

In (cosy) = Inc (secx + tanx)

cosy = c(secx + tanx) Ans.
Q.18 (e'+ e"‘)%”:‘ = ¢'—¢™ (Lhr. Board 2011)
Solution:

(ex 1 e-x) % — ex_ e-x

Separate variables

dy = z:;z: dx
Integrate
y = I +eM)+c Ans.

Q.19 Find the general solution of the equation gﬁ - x = xy’. Also find the

particular solution if y =1 when x = 0.
Solution:

d ?
Eﬁ - X=Xy~

To find General Solution
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d
oo x=xy
Separate variables

%E = xy2+x

d
& = X6

A

Integrate

_dy

y2+1 ZJ-xdx

X2

tany‘1 y = 5 tc¢ SE— (1)
To find particular solution
Put y =1 X = 0 1inequation (1)

0

tan”' (1) = 5 tec

Put ¢ = 7 inequation (1)

|3

2
X

tan'1y= 5 F Ans.

=3

d
Q.20 Solve the differential equation d_)tc =2x given x =4 when t=0.

Solution:
dx
dt = 2x
Separate variable
d
£ = oot
X
Integrate
dx
Jo of a
Inx = 2t+Inc
e]m( _ le2t+|n|:
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e]nx — e?.t 'elnc
X = cc™ (1)
Put x =4, t = 0 inequation (1)
4 = ¢e??
c = 4
Put ¢ = 4 inequation (1)
x = 4e™ Ans.

d
Q.21 Solve the differential equation d_: + 2st = 0. Also find the particular solution

if s=4e, when t=10.
Solution:

ds

dt + 2st =0

Separate variables

ds
d
R
3
Integrate
d
f = - —2] tdt
S
2t
Ins = 5 + Inc
™ = & 4 e
g — e—t* . ea’nc
s = ca:'12 e (1)

To find particular solution
Put s = 4e, t = 0 inequation (1)
4e = ce°
¢ = 4e
Put ¢ = 4enequation (1)
2

s = de.e"

1-t2

s = de Ans.
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Q.22 In a culture bacteria increases at the rate proportional to the number of
bacteria present. If bacteria are 200 initially and are doubled in 2 hours, find
the number of bacteria present four hours later.

Solution:
Let P be the number of bacteria present at time t.
dp
dt = kP (k = 0)
Separate variable
d
Pkt
p
Integrate
d
J& o a
P
mp = kt+c (1)
Putp=200 , t=0 inequation (1)
m200= 0+ ¢
C = n200

Putc; = In 200 in equation (1)
mp = kt+ 200 (2)

Put P = 400, t = 2 hour in equation (2)
m400= 2k + n 200
In400 — In 200 = 2k

e
{200

2
|
k = 5 In2
1 : :
Put k = 5!112 in equation (2)
1
P = 51n2t+ln 200 (3)

To find the number of bacteria presents four hour later
Put t = 4 hour in equation (3)

P = % In2 x 4 + 1n200
mP = 22+ 200

P = In2’+m200

mP = In(4 x200)

| P =800 | Ans.
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Q.23 A ball is thrown vertically upward with a velocity of 2450 cm/sec. Neglecting
air resistance, find

(i) velocity of ball at any time t. (ii) distance travelled in any time t.
(iii) maximum height attained by the ball.
Solution:
(1) Let ‘v’ be the velocity at any time ‘t” then by Newton’s law of motion
dv
a8
Separate variables
dv = —gdt
Integrate _[ dv = —¢ I dt
v = —gt+c (1)
Put v = 2450 cm/sec and t=101in eq. (1)
2450 = 0+¢
Ci = 2450
Put ¢, = 2450 in equation (1)
\ = —980t + 2450 (2) (taking g =980)
(il)  Let ‘h’ be the height attained at any time “t’.
dh
dt = 2450 -980t
Separate variables
dh = 2450 dt— 980 t dt
Integrate _‘. dh = 2450 I flt - 980j tdt
h = 2450t — 980 % + ¢
h = 2450 t—490 " + ¢, (3)
Putt h =0, t =0 1nequation(3)
0 =0-0+c
Cr = 0
Put  ¢; = 0 inequation (3)
h = 2450t — 490¢* (4)

(iii)  The maximum height attained by the ball when v =0
—980 t+2450=0

980t = 2450
2450
= 980 2.5 Sec
Put  t=2.5 sec in equation (4)
h = 2450 (2.5) - 490 (2.5)
h = 6125-490(6.25) = 6125-3062.5
h = 3062.5 cm Ans.
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